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Tensors Come From Many Applications

7/8/2020

Chemometrics: Emission x Excitation x Samples
(Fluorescence Spectroscopy)

Neuroscience: Neuron x Time x Trial

Criminology: Day x Hour x Location x Crime
(Chicago Crime Reports)

Machine Learning: Multivariate Gaussian
Mixture Models Higher-Order Moments

Transportation: Pickup x Dropoff x Time (Taxis)
Sports: Player x Statistic x Season (Basketball)
Cyber-Traffic: IP x IP x Port x Time

Social Network: Person x Person x Time x
Interaction-Type

Signal Processing: Sensor x Frequency x Time
Trending Co-occurrence: Term A x Term B x Time
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Tensors Come From Many Applications

@ Sandia
National e
Laboratories V=

Chemometrics: Emission x Excitation x Samples
(Fluorescence Spectroscor

Neuroscience: }

Criminology: [

(Chicago Crime . .
Machine Lear Tensor Decomposition Finds

Mixture Mode Patterns in Massive Data

Transportatio

Sports: Player (Unsupervised Learning)

Chemometrics

Cyber-Traffic:

Social Networ
Interaction-Type

Signal Processing: Sensor x Frequency x Time
Trending Co-occurrence: Term A x Term B x Time

7/8/2020 Kolda - ANOS - Developments in ML

achine Learning\




Sandia
National

Tensor Decomposition Identifies Factors @“""’““"‘es

Data CP Model Sum of r Outer Product Tensors Factor Matrices

' 4 72 2 2
X <’Z[> M = + +oe <gefinedb\_/> A A o Adn

X € R Xn2XXNdtl M = [[Al, AQ, ce ey Ad_|_1]] c RN Xn2X X Nat1 A, € R™kXT
r d+1

vi = (i, do,. o dae)  omg =mliv, g, iapr) = Y || arlin.4)
j=1 k=1

Model Rank
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= Reddit is an American social news aggregator, web content rating, and discussion website

Example Sparse Multiway Data: Reddit

= A “subreddit” is a discussion forum on a particular topic
= Tensor obtained from frost.io (http://frostt.io/tensors/reddit-2015/)
= Built from reddit comments posted in the year 2015

= Users and words with less than 5 entries have been removed

Reddit Tensor
8 million users 4.7 billion non-zeros (10~8%)

200 thousand subreddits 106 gigabytes
8 million words

4
%,

Subreddit

[ x(i,j, k) =log (1 + the number of times user i used word j in subreddit k) }

u
ser Used arank r = 25 decompsition

Smith et al (2017). “FROSTT: The Formidable Open Repository of Sparse Tensors and Tools”
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Interpreting Reddit Components aboratores

Reddit Tensor Component 6 Largest entries,

6_—

Z Z Z in absolute value
1 ] ] Top WOrds .
Compute 4o+ p— Frjr?grpz’el ]
= Top Subreddits 1 dont ]
rank r=25 : ‘ one ]
worldnews B thﬂ;
i ma ]
Model ’ todayiloamed ] 09 % ]
AskReddit b countri b
L news b out b
= unitedkingdom 1 0.8 up )
canada 4 thingf————— 1] 1
technology 4 evenf_____ ] b
pics ] . be :
australia 1 right £ 7
. . o poliics Color-coded - use ]
~ atheism 7 i B
variance explained = 6% Largest of 200K Futuroiogy ] 105 on ]
ukpolitics by Overa” 1 much 4
entries science ] want Color-coded -
’ frequency T} | °° im ]
8000 ' ' in absolute value syranciwar 1 e byoverall -
. . socialism ] 0.4 wayE ] )
7000 Relative Weights of | nde f =———  frequency |
lenin 11re 1 — ]
6000 - 25 Components - SubreddtDram . how E——1 ]
personalfinance b = il
UkrainianConflict b 0.2 those % i
5000 [ R Documentaries J need E i
Economics il well :I ‘ .
Scotlond 1 01 0 0.05 0.1 0.15 0.2
4000 | 7 polandball e
3000 | ] 0 02 04 06 08 1 | L ——
2000 | i
1000 - ] Largest of 8M entries, 005 : ‘ ‘ —1op 1000 Users ‘ : :
. in absolute value
0 5 10 15 20 25 % 100 200 300 400 500 600 700 800 900 1000
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Example Reddit Components Include Rare
Words Apropos to High-Scoring Reddits

Component #6: International News
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Component #8: Relationships

Top Subreddits Top Words ;
T T T T
worldnews 1 peopl 7
europe more b
todayilearned b dont b 0.9
AskReddit A one A
news 1 think b
unitedkingdom make q 0.8
canada A go A
technology - countri b
pics b out 7 107
australia A up A :
politics 4 thing 1 8
atheism 4 evenfE____ ] b
Futurology . bep ] . 106
ukpolitics b right £ 1
science A use A
conspiracy b time b 105
videos 4 know b
syriancivilwar 1 much !
socialism 41 want b ~04
india b im 7
Israel b that 1] .
nottheonion 4 mean ] b 03
dataisbeautiful 4 wayp ] . ‘
SubredditDrama A see £ A
personalfinance 4 realli % .
UkrainianConflict 4 world b 0.2
Documentaries 4 takep 1 .
Economics 4 nowf________ ] 1
1AMA 4 those ] 7 0.1
Scotland 4 needp ] .
polandball 4 wellE——— 7] :
. . . . . . . 0
0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2
Top 1000 Users
0.05 T T T T T
0
0 100 200 300 400 500 600 700 800 900 1000

Top Subreddits Top Words ;
T T T T
relationships dont b
relationship_advice N go N
TwoXChromosomes b out b 0.9
raisedbynarcissists A up A
sex 1 want 1
AskReddit 1 think A 0.8
personalfinance 4 know -
legaladvice -1 thing b
childfree 1 need 7 107
offmychest b time b :
Parenting b feel b
TForceNetwork I -4 make .
funny 1 peopl A 106
ApplyingToCollege retationship b
weddingplanning b im 7
JUSTNOMIL b one A 105
OkCupid 1 more b
TrollXChromosomes N your | 1
AskWomen | . be ] . 104
dogs I b seef ] .
MakeupAddiction | 1 realli A
videos - doesnt £ b 0.3
TheRedPill 1 work | N ’
tifu even [ A
SkincareAddiction way 1
PurplePillDebate | 4 friend 1 0z
AskMen | 8 tri .
Frugal | 8 tell .
femalefashionadvice } Jsomeon b 0.1
BabyBumps | b talk .
todayilearned } 1 someth A
1 1 1 L 1 L L 0
0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2
Top 1000 Users
0.05 T T T T T
0
0 100 200 300 500 600 700 800 900 1000
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Example Reddit Components Include Rare
Words Apropos to High-Scoring Reddits

Component #9: U.S. Politics (2015)

Component #11: Sports

Sandia
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Laboratories

Top Subreddits Top Words ;
T T T T
politics 1 peopl A
SandersForPresident b dont b
atheism 1 more b 0.9
PoliticalDiscussion A one A
technology 1 think 1
AskReddit b up q 0.8
explainlikeimfive 1 make A
AdviceAnimals A go b
changemyview b out b J07
Libertarian A im A :
Economics 4 orght 1 8
todayilearned 4 evenf_____ ] A
Conservative 1 much E b 106
europe 1 state b
pics b vote !
conspiracy 1 thing b 105
WTF b want b
gaming 7 time 7
Showerthoughts 1 know A 04
TrueReddit I . thatE———— 1] .
aifs I b be ] b
bestof 1 those E ! 0.3
Futurology - doesnt £ J ’
worldnews need L b
science work | A
tifu A take f ] A 0.2
Anarcho_Capitalism | 1 way ;I 1
Android I 8 use .
DebateReligion | 4 actual ] b 0.1
lostgeneration | 4 mean ] 4
progressive | 8 seef ] :
. . . . ! . . 0
0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2
Top 1000 Users
0.05 T T T T T
0
0 100 200 300 400 500 600 700 800 900 1000

Top Subreddits

Top Words

nba 4 game A
nfl 1 team 7
fantasyfootball b play b 0.9
hiphopheads A up A
baseball 1 think b
chicagobulls 1  dont q 0.8
clevelandcavs A year A
warriors - player b
CFB b one 7 107
CollegeBasketball b go b :
lakers 1 good b
NBAZ2k ! im b
bostonceltics 41 more A 106
heat b out b
rockets A he A
NBASpurs b time ! 105
NYKnicks 1 make A
sixers 1 realli g !
suns | . seefp ] . 104
LAClippers 1 4 evenf___ 1] .
BlackPeopleTwitter | b guy ] A
Browns 4 know E . 03
AdviceAnimals -|  better £ N ’
Fitness 4 onowpE______ 1] b
Thunder ! look E 1
hockey | 4 muchf ] y 0.2
islam 8 that E .
AtlantaHawks } . fan 8
sports | 1 peopl A 0.1
MMA | 4 point E .
DetroitPistons | b stil 7] .
1 1 1 L 1 L L 0
0 0.2 0.4 0.6 0.8 1 0 0.05 0.1 0.15 0.2
Top 1000 Users
0.05 T T T T T T
0
0 100 200 300 400 500 600 700 800 900 1000
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Tensor Decomposition Identifies Factors @“""’a‘“"es

Data CP Model Sum of r Outer Product Tensors Factor Matrices

lZ L L

" = e B - . cor| Cdatineany | A Az o Au

X € RXmxexnan M= [Ar, Ag,..., Ag] € RMmXman AL ¢ grax
r d+1 |

vi = (i, do,. o dae)  omg =mliv, g, iapr) = Y || arlin.4)
j=1 k=1

Key Idea: Alternate among the d factor matrices, fixing all but that one and solving. Each subproblem is linear least squares.
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Prototypical CP Least Squares Problem has @ il
Khatri-Rao Product (KRP) Structure laboratories

min [|ZBT — X"

N>nrn
Z ¢ RV*" BT ¢ R™" XT e RV = KRP costs O(Nr) to form
= System costs O(Nnr?) to solve
Linking back to = KRP structure
Unknown | —
mode-(d+1) * Cost reduced to O(Nnr)
least squares = KRP structure + data sparse
subproblem Khatri-Rao | B — A, * Cost reduced to O(r nnz(X))
d T May Be
Product Ve
N H " D7) Sparse
=1 Structure
n="Nd+1 I I I I
| | | |
| | | |
| | | |
I I I
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Structure of Khatri-Rao Product (KRP): @ sanda
Hadamard Combinations of Rows of Inputs

Laboratories Vo

1

Number of columns is
the same in all input
matrices, but number
of rows varies

KRP of d Matric

A-]_ e Rnl XT

es: Z=A;0---0A,

ZERNXT

Each row of KRP is Hadamard product of
specific rows in Factor Matrices:

Z(i,:) = A(in,:) % - % Aglia, )
where

1= (nd_l . -nl)(z’d — 1) -+ (nd_z .- -nl)(z’d_l — 1)
+ - +ny(io—1)+4 € [N]

1-1 Correspondence between linear index and multi index:

i € [N] & (i1,... iq) € [n1] ® -+ @ [ng]

7/8/2020
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Ingredient #1: Sample Subset of Rows in @ o
Overdetermined Least Squares System Laboratores

. T THZ .
min [ZBT — XT| min [|QZBT - QX7
Z c RVxr BT € R"™*" XT e RV *n 07 c RSX" BT € R™X" OXT c RsXn
Unknown | — —
Sampled | [ Unknown Sampled
KRP Data
Khatri-Rao
May Be
Product y
Very _ )
(KRP) Sparse Complexity reduced from O(Nnr) to O(snr<)
Structure
Key surveys:
! 1 ! ! M. W. Mahoney, Randomized Algorithms for Matrices and Data, 2011;
. ! . i D. P. Woodruff, Sketching as a Tool for Numerical Linear Algebra, 2014
1 [ 1 1
| 1 | 1
| | | How sample so that solution of sampled problem
yields something close to the optimal residual of the
N>nrmn original problem?
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Ingredient #2: Weight Sampled Rows by
Probability of Selection to Eliminate Bias

Proba biIity Not specifying yet
distribution on rows how these
) probabilities are
of linear system selected

Pick a single random index ¢ with probability pg

Choose

Q:[O 0 —= 0

0} c RNV X1
\

&th entry

Then (assuming all p; positive) the sampled the
sampled residual equals true residual in expectation:

N 2
1 1
E|QZBT — QX2 = p; H Z(i,:)BT — —XT(i,:)
; VPi VPi
= [|ZBT - XT|?

Sandia
National R
Laboratories ‘-

Pick a s random indices &; (with replacement)
such that P(fj = i) = ;.

Choose §2 € R**N such that Not specifying
yet how s is
determined

1 . .
.. if fj =1
w(.jv Z) — SPi
0 otherwise

Each row has a single nonzero!

Then, as before, we have:

E|QZBT — QXT7||* = |ZBT — XT||*

Survey: D. P. Woodruff, Sketching as a Tool for Numerical Linear Algebra, 2014
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Ingredient #3: Use Factor Matrix Leverage @ o, (M
Scores for Sampling Probabilities (Main Thm) aboratores

Given linear system: ||ZBT — X7||? with Z= A0 --- ® A; € RY*" XT ¢ RV

— Leverage Scores where Qg is orthonormal ]

d
Define sampling _ (i (Ay) for all i € [N
probabilities: b= kl_[l o (Ag) for all i € [N Ci, (Ak) = [|Qi(ix: )ll2 basis for column space of Ay,

And random  Pick a s random indices ¢; such that

1
sxX N . .. - if 53 =1
sampling matrix: P(fj = i) = p; and define NQeck with w(j, i) = ¢ /SPi

0 otherwise

Solve sampled ~ : T 9
problem: B. = S o i Rrn [©ZBT — QX%

Get probabilistic ~ With probability 1 — § ~ 2
error bound:  for § € (0,1), we have ”ZB XTHF (1 + O( ))HZBI _ XTHF

when number of

e s — O (’]"d log(n/d) /62) 1-1 Correspondence between linear index and multi index:

samples satisfies: - . . )
i € [N] < (i1, .., ia) € [m] ®--- ® [ng]
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Ingredient #4: Bound Leverage Scores @ e, (18
Ingredient #5: Efficient Sampling Laboratories '

KRP: Z=A,C---©® A, Recall probability of

Upper Bound on Leverage Score ,
sampling row i

A, e R 7 c RNXT Lemma (Cheng et al., NIPS 2016; p
Battaglino et al., SIMAX 2018): 1
B d Pi =3 i (Ag)
i 6(Z) < 1] i (Ax) k=1
' k=1
A2 e Rn2><,r, ------------- /L
Cheap to But still don’t want to consider all
?:2 ............. TOO Ca|CU|ate N possib|e combinations
expensive to individual corresponding to all rows of Z!
calculate |everage
: 2
O(N7T4) scores
ng X 2
Ad R ' | 0(r* Ticmi)
| |
Td frovennnnnnnns | I
d 1-1 Correspondence between linear index and multi index:
N =] n« i € [N] & (i1, ...,ia) € [n1] ® -+ ® [ng]
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Ingredient #4: Bound Leverage Scores @ e, (18
Ingredient #5: Efficient Sampling Laboratories '

KRP: Z=A,C---©® A, Recall probability of
sampling row i

d

Upper Bound on Leverage Score

A e RMmxr 07 c RSX" Lemma (Cheng et al., NIPS 2016;
Battaglino et al., SIMAX 2018):

1
P Sampled d Pi= "4 Ciy (A
k=1 ‘
Ay € R™277 | Row i of Z
Cheap to But still don’t want to consider all
?:2 ............. TOO Ca|CU|ate N possib|e Combinations
expensive to individual corresponding to all rows of Z!
calculate |everage
] O(NTZ) scores
X

Aq € R™ 0(r? Ty )

3 B PR

1-1 Correspondence between linear index and multi index:

i € [N] & (i1,...,iq) € [n1] ® - -+ @ [ng]
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Ingredient #6: Combine Repeated Rows ) .
Problem: Concentrated sampling probabilities identify a few key rows but can lead to many repeats!

Least Squares Problems from Combining repeat rows = 2-20X speedup

Sampled Real-world Tensor Data Sets

\ KRP 1
Example 1: N = 3.2e12,s = 217,71 === 8e—6

.................... 5
/ D={i:p;>1}|D| = 15000,Zpi = 0.51 IIII|||||||||‘

l- ED o 2000 4000 6000 8000 10000 12000

Example 2: N = 8.7e12,s = 27,7 = % = 8e—6

D={i:p;>1}|D| = 10000,Zpi = 0.41 ;
i€D e

Example 3: N = 8.6e12,s = 27,7 = = = 8e—6

S

D= {i:p;>1}|D| ~ 7000,zpi — 0.25 llm
1||u|u|u|u%|£ﬂﬂﬂﬂﬂﬂﬂ||ﬂ]{!9|ﬂ|ﬂ|"lllllll!!l!!l“l“l“l“l”|

; L .
l ED 0 1000 2000 3000 7000
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Ingredient #7: Hybrid Deterministic and @ s (W
Randomly-sampled Rows Laboratories

Deterministic Rows Random Rows
sXTr
. 7/ E‘ R Srnd = S — Sdet
Dr={i€[N]|p;>71}
Sdet = | D+ for y=1...,sm,q do
repeat
_ _ for k=1....ddo
Pdet = Pi 3
iEZDT i < multi(£(Ayg)/T)
_ end for
for i € D, do until ¢ ¢ D,
add row Aq(ir,:) * - * Ag(ia,:) w 4= /(1 = pact)/(Smapi)
end for o lHE (Ay) add row w (Aq(i1,:) * - *x Ag(ig,:))
Pi = rd G \ R end for
k=1

1-1 Correspondence between linear index and multi index:
(S [N} And (ila"'aid) = [n1]®'”®[nd]
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Ingredient #8: Find All High-Probability Rows @ ot (M
without Computing All Probabilities ‘aboratores

* Recall
Sorted Leverages Scores (Descending)

1 d
z—dl:[

* For given tolerance T > 1/N, define the set of
deterministic rows to include

= (i eV |pi=7}

= Compute without computing all p; values

s
HASSSSSSSS TSI SIS SIS SIS

ﬁ
§
\
\
\
\
\
\
\
\
\

= Afew high leverage scores means all the others are
necessarily low!

S
w

= Use bounding procedure to eliminate most options

= Compute products of at most a top few leverage
scores in each mode [

1-1 Correspondence between linear index and multi index:
(NS [N} A (ila"'aid) = [n’l]®®[nd]
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Ingredient #9: Efficiently Extract RHS from @ i, (R
(Sparse) Unfolded Data Tensor Laboratois

XT e RVX"
May Be >
Very
= Never form X' explicitly

" Precompute linear indices for
every nonzero and every mode

= Results is sparse RHS

Similar in spirit to ideas for dense tensors in Battaglino et al., SIMAX 2018
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Numerical Resulks
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Solution Quality as Number of Samples @ s (W
Increase and Hybrid Improvements Laboratoies

Single Least Squares Problem with N = 46M rows, r = 10 columns, n = 183 right-hand sides

QZ c R**" BT e R™*" QXT ¢ R ‘HZBI—XTHz—HZEI—XTHz
max {1, [|ZBT — XT||5 }
Sampled Unknown | — Sampled
KRP Data 10° —x— random
—»— hybrid
B. = arg min 1QZBT — QXT3 1077
BeRr
— : T _XT|2
B, = arg min |ZBT — XT3
107°
0 2 4
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Over 9X Speed-up for Amazon Tensor @ Nt
with 1.7 Billion Nonzeros abortones

0.350
Best Fit = 0.3397 )
i Best Fit =0.3396
43 minutes per run
7.5 hours per run
0.340
=
0.330 H}’brld 5 = 216
Hybrid s = 2'7
—-—  Standard
0.320
0 0.5 1 1.5 2 2.5 3 3.5
time (s) .10*

Amazon Tensor: 4.8M x 1.8M x 1.8M Amazon Tensor with 1.7B nonzeros.
Rank r =25 CP decomposition
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Over 12X Speed-up for Reddit Tensor @ ool (I
with 4.6 Billion Nonzeros (106 GB) aboratons

0.07
_ Best Fit = 0.0593
Best F|t = 00589 96 hours per run
0.06 8 hours per run I
E |
0.05
s = 21?
——— standard
0.04 L
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 H
time (s) -10°

Amazon Tensor: 8.2M x 0.2M x 8.1M Reddit Tensor with 4.7B nonzeros.
Rank r =25 CP decomposition
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Hour-long version of talk on July 23 @ ﬁgtniglr?al il
One World MINDS seminar Laboratories V-

Conclusions & Future Work

= How to make CP tensor decomposition faster for large-
scale sparse tensors? Matrix sketching

(" Larsen and Kolda,

sl Practical Leverage-Based _ .
@ sampling for Tensor = How to avoid repeated samples? Combine repeat rows or
| Decomposition, deterministically include high-probability rows

arxiv:2006.16438, 2020 J w  How to efficiently sample? Sample independently from
Difference to True Residual each factor matrix to build KRP
10° —— random = How to extract data for RHS from data tensor? Pre-

—»— hybrid

compute linear indices for tensor fibers
=  Qverall result: Order-of-magnitude speed-ups

| = Many open problems: How to pick # samples (per mode
I even), deterministic threshold, robust stopping conditions,
10° sampling based on data as well as KRP, parallelization of
method, etc.

Contact Info: Brett bwlarsen@stanford.edu, Tammy tgkolda@sandia.gov
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Backup: Uniform Sampling Okay for “Mixed” @ ot (W
Dense Tensors (Inapplicable to Sparse) Laboratories

Transform System: min ||®Za — ®v|* = Choose @ so that all leverage scores of ®Z approximately
a€R” equal, then uniform sampling yields f = 1
=  “Uniformize” the leverage scores per Mahone
SZ c RV*" aeR" dv c RN g p y

~ = Fast Johnson-Lindenstrauss Transform (FJLT) uses random rows of
matrix transformed by FFT and Rademacher diagonal

=  FJLT cost per iteration: O(rN log N )

— = Gaining Efficiency for KRP matrices

= Transform individual factor matrices before forming Z

- = Sample rows of Z implicitly
= Kronecker Fast Johnson-Lindenstrauss Transform (KFJLT)
= Special handling of right-hand side with preprocessing costs
= KFJLT cost per iteration: O (7 X, ny log ny + sr?)

= References

= (. Battaglino, G. Ballard, T. G. Kolda. A Practical Randomized CP
Tensor Decomposition. SIAM Journal on Matrix Analysis and

- : 11 Applications, Vol. 39, No. 2, pp. 876-901, 26 pages, 2018.

| | | | https://doi.org/10.1137/17M1112303

i 1 11

i ] 11

= R.Jin, T. G. Kolda, R. Ward. Faster Johnson-Lindenstrauss Transforms
via Kronecker Products, 2019. http://arxiv.org/abs/1909.04801

C

N >r
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Deterministic Can Account for Substantial @ Noftorel
Portion of Probability aboreones

Single Least Squares Problem with N = 46M rows, r = 10 columns, n = 183 right-hand sides

Difference to True Residual Percent Above 7 (Sdet/s) Pdet
| T T T T 1 1 T T T T ]
10° | —»— random || 20 1 N
—»— hybrid

15
1073 10

5
10°° | 0

0 2 4
samples 10°
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Some Trade-off Between Accuracy and @ o
Expense for Deterministic Laboratories

Random Hybrid
Mode: 1, Solution Factors Mode: 1, Solution Factors
1.8 { |l Sampling . 181
I Extract KRP
1 00 d | I Extract Tensor .
*— randaom 1al T Reweight Tensor | 1al
—»— hybrid [ |[EDSolve '
w12} w12
= =
S 1 o 1
10 @ 3
Co08f c08;
= =
0.6 06
107° 0.4f 0.4
0 2 4

o
Mo
o
P

samples 105

=
=
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CP-ARLS-LEV (Hybrid) Comparable to CP-ALS @ i, (8
(Standard) on Small Uber Problem Laboratores

0.190
0.185
£ 0.180 Hybrid s = 2"
Hybrid s = 2'°
0.175 Hybrid s = 217
Standard
0.170
0 50 100 150 200 250 300 350 400

time (s)

Uber Tensor: 183 x 24 x 1140 x 1717 Uber Tensor with 3M nonzeros (0.038% dense).
Rank r =25 CP decomposition

7/8/2020 Kolda - ANOS - Developments in ML



