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Tensor Basics
-

A tensor is a d- way array . D= order of the

- Vector is a tensor with D= z

tensor

- Matrix u  u  n u d = 2

- Higher - order tensor have d 23

. Three - way tensor

DT
. Four - way tensor



Tensor Factorization
-

. Tensor factorization breaks
. Matrix Factorization - breaks into rank - I parts

matrix into sum of rank - I

My ,
parts

) ] - f- tf-t.lt
/ ] =/

-

t IT . .  . t T
Cp , CANDECOMPIPARAFAC

ex : SVD
,

EVD
,

NMF
, sparse SVD Interpretation!Tensor factorization into

•

matrix factorization finds high variance subspaces
high variance subspaces ↳

D-- D
' D DT ' D

'?'m.is?.on
ex : SVD

,
CUR , PCAIICA ex : HOSVD

,
Tucker

Not discussed .

.

Tensor Train
,

T - SVD
,

hierarchical Tucker



Example of CP

from Neuroscience
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Activity of Single Neuron Measured Over 
Time Produces Vector Data

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 20

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

mouse
in maze

neural activity via 
calcium imaging

Microscope by
Inscopix

111 time bins

Williams et al., Neuron, 2018



Multiple Neurons Measured Over Time 
Produces Matrix

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 21

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

mouse
in “maze” neural activity

× 111 time bins

Microscope by
Inscopix

282 neurons

Williams et al., Neuron, 2018



Multiple Trials Produces 3-way Tensor 

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 22

wall

W

E

N

S

• 300 Trials over 5 Days
• Start West
• Conditions Swap Twice

❖ Turn South
❖ Turn North
❖ Turn South

282 neurons × 111 time bins × 300 trials
Williams et al., Neuron, 2018



Example Neuron Activity 
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Thin lines 
show 300 
individual 

trials

Thick line is 
average

Hong, Kolda, Duersch, SIAM Review, 2019



Neuron Factor Vector Visualized as Bar Chart
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≈

ne
ur

on

time

Neuron Modes Plotted as a Bar Chart 
(Red Lines Correspond to Examples in Previous Slide)

Hong, Kolda, Duersch, SIAM Review, 2019



Time Factor Vector Visualized as Line
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≈

ne
ur

on

time

Time (within trial) Plotted as a Line
(Dashed Line is Zero)

Hong, Kolda, Duersch, SIAM Review, 2019



Trial Factor Vector Visualized as 
Color-Coded Scatter Plot

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 26

≈

ne
ur

on

time

Trial Plotted as Scatter Graph
Right turn = Green
Left turn = Orange

Filled = Reward

Rule
Change

Rule
Change

Hong, Kolda, Duersch, SIAM Review, 2019
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Visualization of CP Tensor Decomposition 
Shows the Factors (Vectors)

≈

ne
ur

on

time

Hong, Kolda, Duersch, SIAM Review, 2019
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“Standard” CP Decomposition of Mouse 
Data, aka Gaussian (𝒇 𝒙,𝒎 = 𝒙 −𝒎 𝟐)
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CP Tensor Decomposition “Sees” Reward

Reward!
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CP Tensor Decomposition “Sees” Turn 
Direction

Turn Direction
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Reward!

Turn left

Turn right

Turn

CP Tensor Decomposition Can be Tough to 
Interpret due to Negative Entries



Regression Using GCP Factors on Trial Mode

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 33

Trial Factor Matrix is 300 × 8

Look at predicting turn and reward.
Split into two groups of 150 trials.

Train regression model with 1st group.
Test with 2nd group.
Repeat 100 times.

0
200
400
600
800

1000
1200
1400
1600

Regression Errors in 100 
Trials (15000 predictions)

Turn RewardHong, Kolda, Duersch, SIAM Review, 2019



Example of Tucker

for Compression of

Scientific Data



� Combustion simulations 
� S3D code uses direct numerical simulation 
� Gold standard for comparisons, but… 
� Single experiment produces terabytes of data 
� Storage limits spatial, temporal resolutions 
� Difficult to analyze or transfer data 

� Electron microscopy 
� New technology produces 1-D spectra and 2-D 

diffraction patterns at each pixel 
� Single experiment produces terabytes of data 
� Usually 10-100 experiments per  
� Limited hardware utilization due to storage limits 

 
 
 
 
 

� Other applications 
� Telemetry  
� Cosmology Simulations 
� Climate Modeling 

 
 
 

Motivation: Advanced Simulations 
and Experiments Deluged by Data 

11/17/2016 Kolda @  SIAM SC16 2 

3D Spatial 
Grid 

5123 

Time 
128 

Variables 64 

8TB  (double precision) 

240 elements 



Claim: Tensor Tucker Compression 
Yields Up to 5000X Data Reduction  

11/17/2016 Kolda @  SIAM SC16 3 

Natural five-way multiway 
structure of scientific data 

Compression rates as fidelity varies 
for 550GB simulation dataset 

Our contributions:  
• Distributed implementation of Tucker compression 
• Demonstration of good compression on combustion data sets 



Recent TUCKER MPI RESULTS

See Ballard ,
Klinrex

,
Kolda C 2019 - arXiv ) for

further context t details .

.





Tensor Notation for 3D Tensors
-

X is a tensor of size 3×3×2
N

,
x Nz ×N3 3/2

xc.im -

-

LE
, } ! ]

" : " "

% ,
iii.

ers

Mode - 2 I

"
Frontal Slices "

Mode -3 IEY.IM#=zx9e:iEzs--f9q)xczz.:l--
[ 34 ]

X CZ , I ,
1) = 8

X Cl ,
I , 2) = 6 mode

X ( 312,17=3 X Cl
,

:
,

1) = [3g

, ] Mode - k fiber is

of length Nk



Vectoring a Tensor
-

+ ⇒ / 384

xc :
.

;⇒=tf§, } ! ] '

13
23 -

- rec CX)
IXC :

,

'

-

,
2) =

f § 9g § ), y
size -

- ninznz = 18

ii. ⇒ nan ,

4)
←

Hstowreatensormeisory
.

+ C Iz - 1) . N , 4

5
t Iz

4
,



Matri citation I Unfolding a 3D Tensor
-

Mode - k unfolding arranges
Mode - k fibers as matrix columnsxc.im -

-

LE
, } ! ]

an =p, } ! ! If ] :am
x " :

.
"

f 8
,

! & ] *

=p, ; ; ; & 4) Tina'm

ciniziisl-cii.is
" " = I 368,4 : :3 's 49 ] nziingm.

Is Liz
,
-227 Ii = Cis - 1) not Iz↳ Ci , .is ) II = Liz - 17 net it

iz .

- Liz - 1) n ,
t I ,



Notation for d - way Tensors
Notation for index set

-
Cn ] = E 1,2 , . . . in }

° X is a d- way array

• order CX ) = d ndims CX )

• size C X ) = N
,

x Nz x - - . X Nd

. element of X : X ( ie
,

Iz
, . . . ,

Id )
,

Xi
, iz .  . id ,

Xi e- multi index

. I = { l Ii
, . . . ,

id ) : It C- [ me ]
,

. . . id E End ] }

. Define
n= YEH C gemoemaentric ) ⇒ III -

- nd

a -
- Ezdan . carnitine

" )

N E Tn Storage ( X ) end



Vecfoitizins a d- way Tensor
a linear index "

" subscript "

Cic ,
iz

,
. . . Id ) E I → it c- End ]

i' =

,

Cik - 1) n : nE={ II Me fork 22

I for k=1

It
-

sub Zind } for Nda 232
It - ind 2 Sub

It
-

Sub 2Nd 64 264
It -

ind 2 sub 64 } for nd a



Unfolding a d- way Tensor

④I → tag
N ,

X .  - . X Md Nk × N4N×

( ie
,

. .
.

,
id ) → Lie

,
Ii )

k - I

ie -
- It E. lie - e !!:*.ie?i*nie-1Y7IIiiiefnYn.)



413 Tensor rec Cx ) = ( !;]

xii.int?eiIfizgi
,

xaif④④
. .

. .

}④
" "

" "

"
'

'

'
=

Ii:S : :
" "

. . . " .

xc ii. 34=1911 !
.]xm=f;Ii%g-

XC : is

H'
=LY I Ido ]

, =L

;zo÷3E
]

2×363
" "

XC :
,

:
, 2,27=141 I I to ]

Blocks of size nkxnic

X Ci ,
:

,

3,27=[6,1

I 142] # of blocks

=n,%÷



Matrix Products
-

"

and

*
m

=
cis

.

.
. aim ;

Kronecker of 2 vectorsii*



Matrix Products
A = Cal . .  . aid column vectors

-

" at

:[
④ biransom . .  .

army

Kronecker Product

nap -

taters .

' a

-

,

Ame B
-

- -

- Amn B

ng



Properties Moore - Penrose
-

Psuedo inverse

( A ④ B) CC ④ D) = AC ④ BD
Aeyzmxn

( A ④ B) t= At ④ Bt A -

- UZVT

( AO B) O C = A ① C BOC ) At=VEtUT

( A ① B) TLAOB ) = ATA # B-'

B Z !

[
!

 '
-

Yoro
.

.
.
!( A O B)

't
= ( ATA # BTBJTCAOB'T

F- diag (01 ,
. . ,0r

,
O

,
. .  . so )

AtcAT ATA '
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* Lecture 2

Tensor Inner Product

X , Y both of Size N ,
x Nr x - .  - x Nd

< x , y > = ÷2! - - . 1¥
,

X thiamin ) . ythiz , . . .ir 'd ) = ,¥dxiyi

O ( nd )
Norm

2

11×112--41 ,
X > = I Xi ofnd )

i Ed

Tensor - times . Tensor C TTT ) Z
,
.

←
= ¥73

,

xljiiz.is ) . ylisisk)

X E IR
hi xnzxnz

ye gRn3×N2×N4 O ( N , Nz Ng Ny )

Z  = LX , y >
⇐ IR

ni ×n4

C 2,3 ; 2
,

I )



Vector Outer Product ( special case of TTT )

aceix= ::b
- In::÷÷:÷:D

Vec CX ) = b ④ aXij=aibj0Cm#
a ERM I b E Rn

,
CE IRP

, X = a o b o c E lRm×n×P

Veux ) = c ④ b ④ a

Xisk = Ai bj Ck O C Mnp )

XCD = a ( a ④ b) T X ez ,
= b ( C ④ a) T Xp ,

= c ( b ④ a)T

-

An E IR "'
,

KE Cd ]
,

X = a ,
o . . . o ad

,
Xiii , . . is = II

,

9K Cia)

Vec CX ) = ad ④ - .  - ④ as =

,

ar O ( nd )

Xck ) = AK ( Ad ④ . . . ④ akt ,
④ a #

④ -  " ④ azF=9 e)
"



Tensor -
Times - Matrix C TTM

. )

Y = X *
is A X EIR

M × - Nd

,
A ERM

× NK

Y E 113
Ni X - - . X Nk - I

× m X Nkt ,
X . . . X My

Nk MXNK

Yi ,
- i In - ijieti . .  - I'd = I Xii .  . Id - Ajik Er Yck,

= A Xue ,
ik 't

mind Nk X NI
Cost : O ( Nd m ) Nk Nk

Y = X X , At Xz Az - - - Xd Ad
,

Ak E IRMKXNK

⇒ y is of Size M , X Mz X . .  - X Md

Y AIXue , f¥iIAe]



Tensor - Times - Vector ( TTV )

Y = X Ik A a EIR
he

,
y @gRMlXiiXNkxtXNktzXa.rX Nd

order d - I
NK

Lie . .  . Isa , Iia ,
- . . Id = I Xi

.
. .  . id - Aik

ik =L

L= X Icai Iz Az . - - Id Ad ⇒ scalar

a = ÷I
,

- - - Xii . .  . id
'

Ascii ) - avid .  - -

ad
Cid)

ocnd )



Matri cized Tensor Times Khatri - Rao Product I MTTKRP )

X E IR
n I × Nz x - .

. X Nd

Ak E IR
" " × r

k E Cd ]

MTTKRP in mode k is O Cmdr )

B = Xue ) ( Aa -0 - . .  O Akt ,

① Ah ,
-0 - . .  -0 Az )

~

niaxnd
#

Nk Xr
nk I x r

MK

BC :, j ) = X Iz Ael :
, j ) Is Adi , j ) - . . Id Ad ( : ,j )



Sparse Tensors
-

Dff nd storage mn sea .

M2 CX ) = # nonzero in x

value index Cd - tuple )

' ¥nF¥
nn.ca/j.n.aa/JF

" " " " " '

COO



FACTOR MATRICES

Kruskal Tensor ( K tensor ) ,

Mxr
Cz

CrC '
be

A- Ca , Az . .  .ar )

⑤) = IT, tf t - -
- t It br Bib ,

. .  .

boga ,
Az

Ap(
Nz x r

C -
- Cc , . . . Cr ]

M = j¥{ajo8bj0Cj
tnzxr

a M = EA , B ,
CD

May = §=
,

Aj ( Cj ④ bj ) M -

- IA , , . . . ,
AaB

= [ a ,
. . . ar ][ C. ④ b

,
- . . . Cr ④ br ]T

= A ( COB 'T
d- WAY : At

, . . . ,
Ad Aic E Rn " " r

MCK ) = Ak ( Ado "  . ① Akt ,
-0A ,←P - - - O Ae 'T



Scaling Ambiguity

Xj  
= Haj HallbjHall Cj Hz

Aj ← aj Haj It
, bj t bjlllbjll , Cj ← Ghq It

M = G X ; A ,
B

, CD
r

M = I Aj Aj obj o Cj
j = I



Tucker Tensor Ct tensor )

M = G IULXz Uz . . . Xd Ud Ma , =U1Gc⇒ ( Us ④ Uz)
"

f It × . . .  xrd

"
ht × "

Mac ) = UKGCK ) Ue]
Nz X . . . X Md

↳ • U !have orthonormal|§f=DAT columns

- HM 11=11811



Cpvstucker
- CP factor matrices net orthogonal

Tucker I l it
are orthogonal

. CP - interpretation
Tucker - compression

• CP rank - NP - hard to determine

Tucker rank - easy to compute

↳ easy to do E - compression

a CP F Tucker w/ diagonal core



History of

Cp



CP first invented in 1927

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 8

Frank Lauren Hitchcock
MIT Professor 
(1875–1957)

F. L. Hitchcock, The Expression of a Tensor or 
a Polyadic as a Sum of Products, Journal of 
Mathematics and Physics, 1927



CP Independently Reinvented (twice) in 1970

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 9

Many thanks to the following persons for helping me learn about Jih-Jie Chang: Fan Chung, Ron Graham, Shen Lin (husband), May Chang (niece), Lili Bruer (daughter).

J. Douglas Carroll
Bell Labs 

(1939-2011)

Richard A. Harshman
Univ. Ontario
(1943-2008)

Jih-Jie Chang
Bell Labs

CANDECOMP: Canonical Decomposition PARAFAC: Parallel Factors

CP: CANDECOMP/PARAFAC In 2000, Henk Kiers proposed 
this compromise name

CP: Canonical Polyadic
2010: Pierre Comon, Lieven DeLathauwer, 
and others reverse-engineered CP, 
revising some of Hitchcock’s terminology

(1927-2007)



Cp . ALS ( Alternating Least Squares )

I]xT a ⑤) = f- tf t . .  - tf
data
tensor

M¥0!
Mi  

= IE
,

NTI
,

aklik
,
's)

N ,
X Nz X . .  . X Md

f
Nd data points AKE IR

" " "

factor matrices

r rid = # parameters

OPTIMIZATION PROBLEM

min Fix
.

m ) =Eakin,

- m s 't
' ma:{ftp.n.  raid

NONCONVEX

For now , assume r is given .



3-wayCaseM
= CIA

,
B

,
CD

,
r given

11 X - Mlk = II Xu ,
- Mu , 112

min It X ch - A ( C ③ B) T
112 Fix B

,
C

A
-

II ( co B) AT - Xcij If Repeat until convergence . .

A C- Xa ,
( COB)GTC*BTBT

BE Xcz , C COA ) CCTC * At A) t

' " :c:c:*t.it#ic.o..xii/c*::::::.:::m*t
A = Xcp ( CO B ) ( CTC * BT B)

t

- -

MTTKRP r x r



d- way case

main It Xcx )
- Mlk ) It

-

Mac , = Ak I Ae)
T

Ak = X Ck ) . 2K . V ,

attza
-

-

[ an ] WIFE! AIFI.am
matrices

Exercise : Show cost ( dense X ) is rndtr (th! )tr4ntDtr3



CRALL
fit  = I -

" X - M

× , ,
proportion of data

described by model

for l = 1,2 , . . .
do

old fit e- fit
I

fork =L
,

. . . ,
d

Be Xk ① AeMTTKRP
led

I
Lt K

V ← A AIA e
led

l I K

Ake BIV ( At = Vt BT )
Xj  

= HAK Ci
, ;D It

AKC :
, j ) ← Adi , j ) Aj

end
fit  

= I -

HX - MMM X11
end if I fit - old fit ) LT

,
then quit



Notes

TIX - MH
'

= t 11MHz - 2 < X , M >

- < X
,

M > = et (B A Ad ) X

- Save AE Ak to reuse
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Workshop on Tensor Decompositions and Applications, CIRM, Luminy, Marseille, France, Aug. 29–Sep. 2, 2005



Cp - OPT ✓
F

,
t e ,

It All le t . . .

tea II Ad IIF

min lls . t . M = I Ai
, . . . ,

Ad I
,

AKE IR
" " '

- ALS advantage - convex sub problems
-

"

all - at - once
" optimization ,

i
.

e .

,
no alternating . .

.

advantage - missing data
,

different loss functions
,

etc ."÷÷÷i;E'' 'a''i he aiaeyeor.eu ,GEO( r nd )

Notet : Setting Gk = O t solving for Ak gives
same equation as ALS

Note : scaling ambiguity can be a nuisance
,

can be fixed with regularization



Plug into optimization

- I like limited - memory BEGS with bound constraints

L - BEGS

. 1st order - requires gradients

F ( 0 ) Q is a vector ! of size p

G CO ) E IRP Ktensorl
tore ( M

,
? )

⇐ r :* .

update

- Note : Can do Newton 's method



Missing Data
-

What if some entries of X are missing ?

Option : Fill in missing data w/ zero
.

Solve as usual .

Option :
"

Expectation Maxi nation "

Iteration
- Use current M = GA ,

B , CD to fill
in missing entries of X → I

- Recompute new M using I *

Options : Ignore the missing values

F C X
,

M ) = Ea wi . cxi - mi )
-

wi  = { t ifanonwtrui

O otherwise
C missing )

Gk =f¥ = I wasHim?]EAe) among.info
:

sparse vs . scarce w sparse :O( nnzlw ) or )



EEG Results

w/ Missing Data



Brain dynamics can be captured 
even extensive missing channels

8/30/2017 Kolda @ Trier Autumn School

71

http://www.madehow.com/ 64
 c

ha
nn

el
s

4392 time-freq.

+ = +

Number of Missing 
Channels

Replace Missing
Entries with Mean

Ignore Missing 
Entries

1 0.98 1.00

10 0.82 0.98

20 0.67 0.95

30 0.45 0.89

40 0.24 0.65

71

Acar, Dunlavy, Kolda & Mørup 2010 & 2011



Brain dynamics can be captured 
even extensive missing channels

8/30/2017 Kolda @ Trier Autumn School

72

http://www.madehow.com/

channel time-freq experiments channel time-freq experiments
No Missing Data 30 Chan./Exp. Missing

64
 c

ha
nn

el
s

4392 time-freq.

+ = +

72

Acar, Dunlavy, Kolda & Mørup 2010 & 2011

00 ik
&

.

@



CP - A RLS R = randomized

^*
Randomized Least Squares X

N > > r

-

It:-/
- e picks I?÷?

-
-

random

µ*µ¥÷÷¥÷÷ns
win in
!"

'

work ?

- o ( Nra ) -

HAT - bll a HAI *
- b 11

Works if matrix A is

incoherent or if  sample

by leverage scores
Nxr Nxt -



Deff : Given AE IRN it

,
N > r

.
The leverage score of

row i of A is

li (A) = It Uli
,

:) 112

where U comes from
a

SVD of A
. ( A = UEVT )

rank - r

Defy : Coherence is the maximum leverage score

of A i

µ CA) : = max li CA)
i EEN ]

÷ E
µ CA) E I

Dein : A is incoherent if µ CA ) a Yr .



'

.

÷A
' :

÷f .

N X N N × r
N X N

this.

in N C O i
I ) ( rand n )



signs.

mixing
raandom

soft,8x% of sur ) - so CNN ) C s > r ]
identity cost to

matrix compute

Fast choice of y :

( SY ) - A

4 = FD

cost of ( YA ) =Nlc



Matrix Sketching
-

Let

EE
IRN be a set of r points .

A Johnson - Linden Strauss Transform C JLT ) is a

random linear map Io such that

IOE has
minimal distortion

,
i.e . ,

C I - e) 11×115 E II Iox HE E ( Ite ) 11×112

with high probability .

Example : I C- IRAN w/ 5=0 C E-Z log r )

to ijn NCO ,
Hs ) is a JLT

Gaussian Testing Matrix

O CSN )



Fast JLT ( FJLT )
-

FJLT employs fast matrix - vector multiply to
reduce the cost .

For instance
, choosing

Io  
= SF D E IRS " N

with 5- O CE

?eN
. log r )

s E IRSXN = S random rows of NXN identity
f  E IRNXN = FFT of size N

D E IRNXN = diagonal matrix with random

on diagonal Rademacher

Cost to compute Tex is OCN log N )



Application Least Squares
-

¥÷÷o:i÷÷:±s:::*:: ,

S = s rows of Nx N identity
( But only works if A is incoherent . )

X Option : Io A × - Iob
,

Io = random Gaussian EIR
" N

testing matrix s -0 C e
- Zlogr )

Computing IOA costs O ( Nsr ) ( no savings )

€1135
XN 5=0 ( EZ lo Sr log N )

Option : FJLT Io = SF D O l r Neos N )

Cost to compute IOA  = S ( f ( DA ) )
a -

^
our↳igneous
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CHALI : Inner iteration be : It Xue , - Ak 2kt H 2K = Ae
LIK

1St - IF
Na × Nk

me × r
NK

- Solve this least squares problem : O ( Nic - Nada r2 ) -

- Ofndr
')

( KRP )
- Special structure from Khatri - Rao Product 2K = Olndr )

- Randomized least squares could reduce cost to O Chic . s . r 2)

BIT Forming KPP 2K costs O ( hade . r )

- Can matrix sketching help ? Yes
, with caveats



CP - ARLS C R = randomized ) aka CPR AND

II Xue ) - Ak 2kt It S = s random rows of Nex Nk

identity matrix

11 Xue ,
5T - Ak2,554

Ak = X Ck , ST / ZEST
- -

T
- T

I 2

Trick## : Don 't unfold X 3- then select columns .

Instead , just grab entries from X .

Avoids data movement which is expensive .

Tick#2_
'

. Don 't fomrm KRP 2K
.

Instead just grab
needed rows . Index e → multi - index C Iz

,
. . .

,
Id )

Sampled if k=1 .

Khatri 2K Cl
,

:) = IAe C ie
,

:) Cost ( sdr )
Rao ( SKR ) 1=2

doesn't depend on Nic !



Skthttlgorithm CP - A RLS ( no mixing )

function Zs = SKR ( 5
,

E Ak }
,

k ) - initial guess for the

- Retrieve s × Cd - 17 array or
factor matrices { An } ,E,

sampled indices from S = idxs
- Repeat until convergence . . .

- For k =L
, . . .

,
d

- Zs = ones ( s
, r )

- n

:÷÷÷÷÷÷÷: ÷÷÷÷÷÷÷÷÷::÷.

end . Ak = XE 125
- Return Zs o Normalize columns

- End
- End



Check Convergence
-

( Trick # 5)

- Compute the loss at a ¥tof tensor entries

C fixed across all iterations )

- Not checking every iteration

- Let SLC I be the subset of indices

E = Id E C Xi . mi )
'

Irl ier



Is 2x incoherent ? How can we even check it ?

Lemme C Battaglia et al 20187

Given A E IRI "

,
BE tRk×J .

µ CAO B ) I µ CA) .

µ I B )

⇒ Not mixing is okay if factor matrices are

themselves incoherent .

HA x - bll

Dean ::÷T÷:÷i÷÷ . . .

ftp..me#IxI::i:iHC
* Low per iteration cost

Keeps x real

* weuse FFT ⇒ complex - valued equations , but

want real solution .



Mixing on 2K
. . .

Io = SF D cost would be 0 ( r . Nk log Nk )
to form Io 2K

-

Instead ,

Io .

. she;④÷Hk¥±'a) I::::::
÷ .

Io2k= S [g¥qfeDeAe] Total cost  =

-

costs Ocr - e¥anelog ne )
nelogne

for lth factor K O ( r . Nk log Nk )

If N = N ,
= . - 2Nd

Cd - I )
r . ( d - t ) -

n login vs . r .
Ncd " ? Fogn -



What about the other side of the equation -

Xiao .

✓ fixed
through

Need to compute Iodate

Ie¥kFe)(¥nDe)f¥I*n

.

Key is to pre compute I = X x . Fede ×zFzDz -  " xd Fd Dd

Upfront cost : O C nd log nd )

Per iteration

observe Ioa XII ,
= ( s

,
) . F? D work :

I sample
first"

Olsnklognk )

Note : S changes every inner iteration bet
-

Dies are fixed through all iterations

Note : Is Ioe an FJLT ?
-



Ruhui Jin ,R -
Ward

,
K .

Lemme : For Io as described
,

S = O ( e
- Z

log Nsc . log
" -

T )
.

Related Ideas
-

- Sketch entire tensor just once

Xs = X x
c Ioe Xz Ioz .  - - Xd Ted

- Samples blocks of tensor



Generalized CP ( GCP ) Decomposition

Standard Cp : min It X - Mll
'

s . t . rank C M ) er

IIe ( Xi - mi )2
-

fcx , m ) = C X - m )2

GCP ' 
- min Efc m ?s .

t . rank CM ) Er



PDFs 1PM Fs
-

p
C * to ) = probability distribution function C PDF ) where

↳ Pct to )dt= prob ( X E x to ) X continuous

p CX I f) .

- probability mass function ( PMF ) where

¥× p C t.IO ) = prob ( x Ex If )

Y Likelihood "
is about estimating parameter 0

given observed data .

Given X
, p C xd-0 ) is the likelihood of 0 .

maximize
LOG - LIKELIHOOD

likii hood ftp.cxilfi) ⇒
In log p C Xilai )

for multiple
Xilai minimize negative Los likelihood C NLL )



From PDFIPMF to a Loss Function

r Natural parameter

p C X If ) and eco ) =m

T T T T model
PDF data link parameter
PMF

min - I log p C Xilai )

min -

I log p C Xi Il - '

Cmi )
-fcxiimi)



Part 5



Gaussian Case Is

p
C X I M ,

o ) = e

- H - Who '

constant ¥-
#

l ( M ) = µ identity link

nu :  - eagle
" "

( x
2¥

t
ftp.flx.m

) = C x-0mVuse link

FLANK I Hi - mi )
-

Xi NN ( mi ,
o )

Xiu mi t NCO, o )



Bernoulli
-

× E { O
, 13 Natural parameters : p = Prob C x = 1)

"

Coin Flip
" PMF :

p
C x Ip ) =p

"

( I - e)
" ⇒

Odds Link : e ( p ) =

Odds Probe
I 42

• 25 . I

NLL = - x log e - CI - x ) log ( I -

p ) 4 a 8

= - log C 1- p ) - x log p t  x log C I - p )

= log ,¥p ,
- x los¥①

m

e. *e.si?m.xeo.m*"

m > O



Bernoulli
-

× E { 0,13 Natural parameters : p = Prob C X - 1)

"

Coin Flip
" PMF : pcxlp ) =p

"

( I - e)
" ⇒

lCp7= los ( % - e ) log. odds
"

logit
"

ddsProbe

fix ,m)= log ( Item ) - Xm o
is

- I. 39 o2

X=O 1.39 . 8

I
"

⇐



Poisson
-

X E EO
,

1
,

2
. . . .

3 = IN count data

X = Mean value EIR
,

X ZO

PMF p ( x 11 ) = e
-

tax
eca ) = a

scam .
. m . ×

" " " s '

think em - xm
III ✓

Huber Loss
"

Robust
"

- Gamma ) fix ,
my A) = {

Cx - m ) ' if Ix - ml Ed
- Rayleigh 2b Ix - ml - S2 otherwise

- Neg .
Binomial )

(B) Beta Divergence
B - I

fcxim :B ) EYB)me
- ⇐⇒ '' m

ERIKO , 13



Gradients

Lemme : Let M = ABT
,

A E IR
" "

,
B E IR

' "

? Then

2 Mik

Tai
= { bold

'

ifheirIe fawn iii e

Cn
]

l E C p ]

r j E C r ]

Proot mi e
= I aij . be j

j =L

Lemmy : X E IR
" × P

,
We IR

" P

,

AE IRM ! B E IRP
"

?

E C M
,

X
, W ) = II

,
Z!

,

Wie . f ( Xie
,

Mie ) st .
M -

- ABT

Then 221¥ = IB EIR " r

where y ie = wie . LIM C Xie ,
Mie )

L n xp ie End
,

l E Ep )

Proof :

3¥
;

= E.II.
,

wie .

ftp.kieimimyafm.fxieimiel r2amai



Thin : FCX ,
M

,
W-1 =

¥ Wi f C Xi
,

m ;) set . rank C m ) Er

M=QAz
,

. . .

,
ADD

Then
IF =

Zx
where yi  = wi . Fm ( Xi

,
Mi )

ZAK
I

2K =  O Ae .

(
MTTKRP

l =D

eek

Proof : Mac , = Ak Zi use prev .
le

Notes : Y is dense even if X is sparse .

. O ( rnd )

Y is sparse if W is sparse . Ocr . nnzcwl )



IF = Yaa , 2k fcx , m ) = CX-MIZ
ZAK If

Jm
= 2XC x - m )

= ( Xcx ,
- Mcm ) 2K

= Xcx ) 2K - Maa 2K
I AKIF

= Xaa 2K - AKZKTZK
-

-sparse I

if KRPe¥dAsparse
l # k

O ( r . nnzcx ) )



GCP
Results



GCP Decomposition with Beta Divergence 
(𝜷 = 𝟎. 𝟓, 𝒇 𝒙,𝒎 = 𝒎+ 𝒙/ 𝒎)
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Turn left

Turn right

Reward!

No reward!



Regression Using GCP Factors on Trial Mode
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Trial Factor Matrix is 300 × 8

Look at predicting turn and reward.
Split into two groups of 150 trials.

Train regression model with 1st group.
Test with 2nd group.
Repeat 100 times.

0
200
400
600
800

1000
1200
1400
1600

Regression Errors in 100 
Trials (15000 predictions)

Turn RewardHong, Kolda, Duersch, SIAM Review, 2019



Stochastic Optimization
-

min F ( Q )
,

step
length

( GD )

gradient descent : ⑦
' tt "

= O
't '

- IFF ( Oct )

stochastic GD i ⑦Ctt "
= Oct )

- dI ( Oct ' )

I small step size

E C I Cf ) ) = Gleet ' )

C
expectation

ADAM ( Kingma t Ba )



Stochastic Gradient for GCP
-

Standard Gk = Yaa , 2K O ( r nd )
-

Stochastic Eric= Ice , 2K
,

nnz CT ) E S and O ( r . s )
- - co C rn )

Option : Uniform sample entries
,

s entries w/ replacement

- Si  = # times entry i is picked C usually 0 )

- ji  
=

"

si .

sad . yi

proof : IE ( ji ) = ETS , ) . Nzd . Yi
a⇐' O

• How to pick S ? S e OC Erik ) = OCN )

. If X is sparse , then we might always pick zero 's
.



Option i Stratified Sampling

IIg
,

I.tinesnonzezeroroipicked Jines
n

- Nyi  = { Ii . ¥ if Xi # O

µ&" " 't it " =

3



Example
Results



GCP with Stochastic Optimization
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▪ Nonconvex problem
▪ No guarantees of finding 

minimizer
▪ Using Adam (Kingma & Ba, 2015) 

▪ Default parameters 
▪ Some tweaks for checking 

convergence
▪ Past work on recommender 

systems uses SGD but  ignores 
zeros
▪ Gemulla, Nijkamp, Hass, Sismanis, 

KDD’11
▪ Zhuang, Chin, Juan, and Lin, 

RecSys’13 
▪ Past work on streaming uses 

SGD but data appears one slice 
at a time
▪ Mardani, Mateos, Giannakis, IEEE 

TSP 2015
▪ Maehara, Hayashi, Kawarabayashi, 

epoch = 1000 iterationsloss 
estimated 

with 
100,000 

fixed 
samples

initial step = 0.01

decrease step if 
F increases,

new step = 0.001

quit when
F increases again

-



Example on Gamma-Distributed Data

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 41

200 × 150 × 100 × 50 Tensor with low-rank (𝑟 = 5) structure based on Gamma distribution (𝑘 = 1, 𝜃 from model). 
Gamma loss: 𝑓 𝑥,𝑚 = 𝑥

𝑚
+ log 𝑚. Running stochastic GCP with 25 random starts and varying numbers of samples.

Success at Recovering 
Underlying Generative 

Factors

Dashed lines: Individual runs, Solid lines: Median,
Epoch: Asterisk (success), Dot(fail).



Stochastic vs. Non-Stochastic
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200 × 150 × 100 × 50 Tensor with low-rank (𝑟 = 5) structure based on Gamma distribution (𝑘 = 1, 𝜃 from model). 
Gamma loss: 𝑓 𝑥,𝑚 = 𝑥

𝑚
+ log 𝑚. Running stochastic GCP with 25 random starts.

Same as 
prior 

slide, but 
rescaled 

x-axis

Each asterisk is an iteration.



Example on Bernoulli-Distributed Data
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200 × 150 × 100 × 50 Tensor with low-rank (𝑟 = 5) structure based on Bernoulli distribution (odds from model). 
Sparse tensor, less than 0.35% dense (~500K nonzeros).

Bernoulli loss: 𝑓 𝑥,𝑚 = log 𝑚 + 1 − 𝑥 log 𝑚. Running stochastic GCP with 25 random starts, varying # of samples.

Dashed lines: Individual runs, Solid lines: Median,
Epoch: Asterisk (success), Dot(fail).

Success at Recovering 
Underlying Generative 

Factors



Uniform Sampling is Worse than Stratified 
for Sparse Tensors
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Same set-up as binary experiments, but bigger tensor: 400 × 300 × 200 × 100, 0.38% dense (9M nonzeroes).
Using 𝑠 = 1000 samples in every case.



Chicago Crime Data
▪ 4-way count tensor

▪ 6,186 Days
▪ 24 Hours of the Day
▪ 77 Community Areas
▪ 32 Crime Types

▪ Non-zeros: 5,330,673
▪ Storage: 0.21GB for sparse tensor

▪ Distribution of entries
▪ 0: 98.54%
▪ 1: 1.33% 
▪ ≥ 2: 0.12%

▪ Obtained from FROSTT 
(http://frostt.io/tensors/chicago-crime/)

▪ Data originally from Chicago Data Portal 
(https://data.cityofchicago.org/Public-
Safety/Crimes-2001-to-present/ijzp-q8t2) 
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GCP-Count
Rank = 10
𝑠 = 6,319

𝑓 𝑥,𝑚 = 𝑚 − 𝑥 log 𝑚



Application to Sparse Crime Binary Tensor
(Semi-stratified results)
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Component #1
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Component #3

5/30/2019 Kolda - SDSS 2019, Bellevue, WA 48



Component #6
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