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National
Tensors are Multi-dimensional Arrays @“""’a“’""s

X

y

3-way tensor

8/7/2019

d = order of the tensor (the number of ways or modes)
n, = dimension of mode k, fork = 1,2, ...,d

For expositional simplicity: n=n,=n, --- =ny4

Curse of

n? = number of entries for d-way tensor of dimension n : : :
Dimensionality

Curse of notation...

i =(iy, iy ..., Ig) = indexinto tensor, i, € {1, ...,n}fork = 1,2, ...,d

\ multi-index shorthand

Kolda - ICCOPT, Berlin
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Tensors Come From Many Applications @“""’a“’""s

= Chemometrics: Emission x Excitation x Samples
(Fluorescence Spectroscopy)

Related Concepts

: . . . . for Matrices
= Neuroscience: Neuron x Time x Trial (Calcium Imaging)

= Criminology: Day x Hour x Location x Crime (Chicago) | 3ier‘C%“rLagc‘)’§'tL,‘§n SVD)
It

* Principal component
analysis (PCA)

* Independent component
analysis (ICA)

* Nonnegative matrix
factorization (NMF)

@hemometrica

« Sparse matrix
factorization

neuron
R

* Matrix completion

8/7/2019 Kolda - ICCOPT, Berlin
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National /2>
Goal is to Decompose Data Tensor @lahﬂm"es

Data

X

x c R’RXTLX"'XTL

r; = 33(’1:1,?:2 ..... Zd)

8/7/2019 Kolda - ICCOPT, Berlin




CANDECOMP/PARAFAC (CP) Model Depends @ i (W
on d Factor Matrices of Size n x r Laboratores

Data Model Factor Matrices
X <Z‘[> M <gefined by> Ay Ay - |Ag
£ € RXX - Xn A € R™*"
T, = 33(’1:1,’1;2 ..... id)

CP also known as Canonical Polyadic. Hitchcock (1927), Carroll, Chang (1970), Harshman (1970)

I
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“Rank” of Low-Rank Model is the Number of sandia

Columns in the Factor Matrices aboratorios 'S
Data Model Factor Matrices
X <I\Z\[> M <QEfined by> A Ay - | Ay
X € RXNX-Xn A, € R™XT
Ty = ﬂf(il,ig ..... Zd) rank(M) S r

I
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CP Model: Sum of Outer Products of Columns Notorel (1=
of Factor Matrices anores

Data Model Sum of r Outer Product Tensors Factor Matrices

, 2.7, 4 s -
x <,Z‘[> N _ + 4ot <<rjefinedby> Ail Ay Ad%d

-------- '2,2

x ERRXHX-.-Xn M: [I:-A-]_)A-27---7Ad:|:| eRanX...Xn A—k eRnxrp
x; = x(iy,ia,..., id) m; = m(iy,io,..., d) =9 iy Hz=1 ar (i, §) rank(M) <r

I
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CP Optimization Problem: Nonconvex Sum of @ e,
Squared Errors Laboratories '

Data Model Sum of r Outer Product Tensors Factor Matrices
~ .. . A_l A2 PO A.d
X R M _ + + -+ defined by
nXxr
X € RXnXXn M:[[Al,AQ,...,Adﬂ c RXTX-Xn Ak c R
€T, = 33(7:1,’1:2, e ,id) m; = m(il,iQ, o :id) — Z;Il Hi:l Gk(lk,j) ral’lk(M) S r
c n?
@] . 2 _ 2
= min X —M||© = T — M
] i, 1= e
= —
g_ S.t M = [[Al,AQ, ,Ad]]
o A, eR"™ " fork=1,...,d

CP = CANDECOMP/PARAFAC, also known as Canonical Polyadic. Hitchcock (1927), Carroll, Chang (1970), Harshman (1970)
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Low-Dimensional Manifold, Reducing Storage @ﬁg{}gﬁm.
and Increasing Interpretability Laboratores

Data Model Sum of r Outer Product Tensors Factor Matrices
. o A
~ _ + +eeet defined b Al Ay d
X M - "
TELXTL X+ X" NXTLX XN Ak e RRXT
XeR M=[A1,As,..., Ay eR
i g : . . . <
X; —I(Zl,’l,g,...,zd) m; :m(@lglz,---,@d) — 2221 Hz:1 ak(zk,]) rank(M) ~7T
POt il ~ S ) nd ) ,’¢— ----- ~~~\
P d ~ .
+*" Storage for ™ = min | — M||* = E (x; — my;) /" Storage for
;o \ ol A, A, 1 \
I original data: ) 'é' e =1l [ low-rank model: J
\ / < \ Y
\\\~~ nd ”,/’ g_ S t M — [I:A_]_, AQ, ?Ad]] \\\\ dntr ”,,
o A, eR"™ " fork=1,...,d
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Example Tensor from
Neuroscience

= A. H. Williams et al. Unsupervised Discovery of Demixed,
Low-dimensional Neural Dynamics across Multiple

Timescales through Tensor Components Analysis.
Neuron, 2018

= D.Hong, T. G. Kolda, J. A. Duersch. Generalized Canonical

Polyadic Tensor Decomposition. SIAM Review, in press,
2019

8/7/2019 Kolda - ICCOPT, Berlin



Activity of Single Neuron Measured Over @ ool (I
Time Produces Vector Data aportones

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

Microscope by

Inscopix
mouse neural activity via

in maze calcium imaging

Williams et al., Neuron, 2018
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Activity of Single Neuron Measured Over @ ool (I
Time Produces Vector Data aportones

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

Microscope by

Inscopix
4 D |
mouse neural activity via

in maze calcium imaging

Williams et al., Neuron, 2018
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Multiple Neurons Measured Over Time @ Notorel (1=
Produces Matrix aportones

Thanks to Schnitzer Group @ Stanford
Mark Schnitzer, Fori Wang, Tony Kim

282 neurons X 111 time bins

Microscope by
Inscopix

mouse
in “maze”

Williams et al., Neuron, 2018

8/7/2019 Kolda - ICCOPT, Berlin
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National  { /="
Multiple Trials Produces 3-way Tensor D

4300 iis over 5 Days
artgWest
NMRSMMGO N ditions, Swap Twice
. iy
X8 Turn,No‘r'th
** Turn South

282 neurons X 111 time bins X 300 trials
Williams et al., Neuron, 2018

8/7/2019 Kolda - ICCOPT, Berlin



Example Neuron Activity Laboratore

Thin lines

show 300

individual
trials

Thick line is
average

Sandia
National

Neuron 62 Neuron 82

20 40 60 80 100

Neuron 249

X

20 40 60 80 100 20 40 60 80 100
Hong, Kolda, Duersch, SIAM Review, 2019
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Neuron Factor Vector Visualized as Bar Chart ahoratories

neuron

Ja Jag | a,

Hong, Kolda, Duersch, SIAM Review, 2019
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Neuron Factor Vector Visualized as Bar Chart @ aboratories

Neuron Modes Plotted as a Bar Chart
(Red Lines Correspond to Examples in Prior Slide)

C1 C
*@:b\ / / : /CT
“—= by ‘—=—=Dbo

= oot

Q

neuron
'

time -

Hong, Kolda, Duersch, SIAM Review, 2019
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Time Factor Vector Visualized as Line @“"“’a“’""s

.b1
¢~

Time (within trial) Plotted as a Line
(Dashed Line is Zero)

‘é@\ /001 /CQ /CT
| |1L1b1 —= b-
~ + + ]

neuron
‘ s
(
o
[y
(
o
I\
o
S

time -

Hong, Kolda, Duersch, SIAM Review, 2019
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Trial Factor Vector Visualized as @ i
Color-Coded Scatter Plot Laboratores

Rule 'T‘ Trial Plotted as Scatter Graph Rule
Change nght turn = Green Change
Left turn = Orange
Filled = Reward
‘ Cl C
AR A b
“T—=b; by ——=b
=~ . & ] r
5 + + +
§ X
Ja] Ja
time 2 | Ay

Hong, Kolda, Duersch, SIAM Review, 2019
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Visualization of CP Tensor Decomposition @ ot (W
Shows the Factors (Vectors) Laboratores

euron (scaie ime ria reen/Orange = jurn rnig t/Left, Reward = Fille

T T T T T
’ | | /__ h-aizwww
I ——— T
1 Il 1 1 a 1 1 1 1 1

1T. A Dbl C

—= b
g ~ ‘|‘ + * _|_ "
éi’
C
aj a
time 2 Ay

Hong, Kolda, Duersch, SIAM Review, 2019
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Sandia .
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CP Decomposition of Mouse Data @“"“’a"‘"“’s

euron (scaie ime ria reen/Orange = Turn Right/Left, Reward = Fille

1 MMWMMWMMMWLMM I o it A intis TSI
: 1 1 1 1 \/ 1 1 | 1 1 1
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7 MMWM%WW ﬁvﬂ e ,w ....... PRt St it
8 MMMMWWW I R - o _ emmsmmmemstessssmssssmemessessssssssssssesssssns
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CP Tensor Decomposition “Sees” Reward {aboratories

euron (scale ime ria reen/Orange = 1urn nig Le , Réwarda = rilie
1 MMMMWMMMWMM

N
1

L aaad Y .
r" I']l I I |'1[ '|'I ] Tl “'Il!l"l r—l‘-l [ LLLE

2 J|II L L

s ol
ML R MSAL LN L L I
1
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CP Tensor Decomposition “Sees” Turn @ Natora
Direction s

euron (scale ime ria reen/Orange = 1urn nig Le , Réwarda = rilie
WJW&WM
1 Dttt atiadud il D Ul e oo e ——

N
1

L aaad Y .
r" I']l I I |'1[ '|'I ] Tl “'Il!l"l r—l‘-l [ LLLE

|JJLL

2 J|II

s ol
ML R MSAL LN L L I
1 1

. X J
T . T T T T T
3 preemrerr M’“W“H‘JTWWMTM Lo e
| T 1 ||"“"'|] l'l ||‘ kI 'I T|| Az

Turn Direction
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CP Tensor Decomposition Yields @ i)
Interpretation of a Complex Dataset Laboratores

euron (scale ime ria reen/Orange = Turn Right/Left, Reward = Fille
) | | | | /__ wﬁmj@mw
2 . II | I .|7|'|r||“|-1| 'pl['rlﬂ |l|r,"'r"| || || ||| h J I|||| ||| | \ o I . f- AR .;’ ‘a.."‘: M}’  J— 2

" 1I[r|1 I'l]' I|'|r T

s
T T T T T T . T T T T T
>y A \“"%”W‘H%T‘AWMWM Lo eI = Sy iy Il UV o |
LA WD "| TITT T|| “anss

Lk anad 1 L
i I'll f IL|-1, .||| ]-|u “-uuvl e e
1

4 mu&mkwmwmmwm R [ - N reeteemsessesmesssseessessesmesssseessesssmmesn
P
T T T T T I. .VI . . . e A T . T
5 WMMM&MMMMMMWMMM‘ / \ _______ P O IR o o Turn left
6 .Ilulu.hdh..l_lhh.l...n||..ml|mlL,u|n|.m,.JLJ|.L....uhll.MMMMJMLMMMMJMMMHJM N .......... D SO Uy SO ur A —— Turn right
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What about huge data (large n)?

Just computing the sum of squared ervors objective function is O(nt) work!

8/7/2019 Kolda - ICCOPT, Berlin



Randomization Offers Powerful Tools, But
Doesn’t Always Work “Out of the Box”

Sandia i
National I
Laboratories ‘-

Matrix Sketching

argmin || PAx — ®b|%

”_

x*=argmin ||[Ax — b||* &~
X

"

PH GEH§S><ﬁJ

-

SXr

Huge!

___yNXT'

Under suitable conditions on @, achieve e-distortion whp:
(1 —e)[|[Ax" = b|| < [[AX" — b[| < (1 +¢)|Ax" — b|

Johnson, Lindenstrauss (1984), Ailon, Chazelle (2006), Woodruff (2014)

Stochastic Gradient Descent

N <«—— Huge!
Y Stochastic gradient:

i 7 20 1

True gradient in expectation

| N
=~ ;Vﬁ:(@)

random subset
of indices

Stochastic gradient descent (SGD):
gt+l) . gt) _ ag(g(t))

For suitable choice(s) of a, achieve SGD eventually
converges to a stationary point.

Robbins, Monro (1951), Bottou, Curtis, Nocedal (2018)

- OO " "« OOOOOOOO___OO_OOOOOO___________________________"—"—"_"_______
8/7/2019
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: 6 ) Laboratories

Matrix Sketching for GP
Tensor Decomposition

= (C. Battaglino, G. Ballard, T. G. Kolda. A Practical Randomized CP
Tensor Decomposition. SIAM Journal on Matrix Analysis and
Applications, 2018

= R.Jin, T. G. Kolda, R. Ward. Faster Johnson-Lindenstrauss
Transforms via Kronecker Product. Coming soon, 2019

= T.G. Kolda, B. Larsen. Leverage Score Sampling for Randomized
CP Tensor Decomposition. Coming soon, 2019

8/7/2019 Kolda - ICCOPT, Berlin



o o o @ ﬁgtnigi:al _ 5
Recall the Optimization Problem abortois
Data Model Sum of r Outer Product Tensors Factor Matrices

/Z L L

X <Z\> M = + +eet <defined by> A Ay - | Ay

x ERRXHX-.-Xn M: [[AleQ,-..,Adﬂ GRanX...Xn A—k eRnxrp
7i = alin e, - ) mi = m(i1, iz, ... id) = Y ;- TT5_, anlix, 7) rank(M) <r
nd
' X — M|? = o) 2
All:mflAd | | ;(aﬁz m;)

s.t. M= [[Al,AQ,...,Ad]]
AL eR"™ fork=1,...,d

8/7/2019 Kolda - ICCOPT, Berlin



We Can Rewrite the Tensor Optimization in

Terms of Matrices

22k

1
Z =()A;  A]

Sandia
National
Laboratories

T
X - M|* = Z —m;)?
p it { i:1(wz m;)

s.t. M= [[A]_,A.Q,...,A.dﬂ
A, eR"™ fork=1,...,d

¥

: _ 2 _ _ T2
im0 = MO = Xy — AeZ |

s.t. Zk- ZOAg
0k
A, eR"™ fork=1,...,d

“Khatri-Rao”
(Columnwise
Kronecker)
Product

Lo @ o

8/7/2019
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Matrix Version Leads To Alternating Least @ i, (R
Squares (ALS) Optimization Algorithm laboraores

min [|X - M| = || X — ApZy

Alternating Least Squares (CP-ALS) Ay
1: while not converged do st. 7, — A
L. k= ¢
2: fork=1,...,d do g;%
3: Ay < argming, || X ) — ALZL|?
4: end for
5. end while T T
Zy, Aj X k)
Constructing Z, : O(rn™1)
rXn
Computational complexit ~
g P 'y O(r*n?) : :
per least squares solve: IR® @ - ®f
: : nd=l> r

|Idea: Use matrix sketching to solve
the highly overdetermined systems

8/7/2019 Kolda - ICCOPT, Berlin



Option 1: Johnson-Lindenstraus Transform @ Nofiorel
(Mixing and Sampling) s

min || Za — x|
a Computational complexity: O(Nfr'Q) versus O(rsN + 87“2)

min ||S®Za — SPx||”

Sample Mixed Rows ~
7 S = s random rows of Iy
® = N x N, entries N (0,1)
SXT

Theoretical sample size
s=0(e ?logr)

Q

N X No significant reduction in computational complexity due to cost in applying ®!

8/7/2019 Kolda - ICCOPT, Berlin



Natorel (2
Option 2: Fast JLT (FILT) @ e

min ||Za — x||2
a

Computational complexity: O(Ner) versus O(rN log N + 37«2)

min [|[SFDZa — SFDx||?

Sample Mixed Rows . I ~ |
Z _ S = s random rows of Iy
F = FFT of size N
: D = diagonal random =+ 1
SXr

Theoretical sample size
s=0(e ?logr log N)

N Xxr FFT helps, but still dependence on N!

8/7/2019 Kolda - ICCOPT, Berlin



Use Kronecker Structure to Reduce ﬁgt",gﬁa. F .

. o laburatorles
Computational Complexity
1
Zi = ()Ay
Q Recall N = nld—1)
tFk Kronecker FILT mixing: S ®]—" D, | Z;
“Khatri-Rao” . E;ék
(Columnwise FILT mixing: SFnyD N Zy
Kroneck :
rsrr:;cucetr) Complexity: O(rN log N + 872) . . .
= O(rn'4=V logn + s1?) ®ann O A = O}_nDnAB
(i s Py
oo @ of
S = s random rows of Iy We can mix first and then sample —
Fn = FFT of size N avoid every forming Z!
Dy = diagonal random +1 Is this still a JLT? Yes (Jin-Kolda-Ward)!

N xr Complexity: O(rn logn + sr?)




@ Noftoe , - =
Option 4: Kronecker FILT lbortores -

min ||Za — x||2
a

Computational complexity:  O(N7?) versus O(rn log n + sr?)

min ||S (@4 FnDy) Za — S (@4_1 F.Dy) x|°

Sample Mixed Rows
S = s random rows of Iy I
Z ~ Fn = FFT of size n
D,, = diagonal random =+ 1

Avoid O (Nr) cost to form Z by only
computing the sampled rows!

Nxr Special effort needed to avoid cost of mixing right-hand side...

8/7/2019 Kolda - ICCOPT, Berlin



Randomized CP-ALS (CPRAND) @ ool (I
Yields Speed-Ups as Problem Size Grows! aboatoes

Per-iteration Timing Comparison with r = 5 (number of components) and s = 90 (humber of samples)

3-way tensorof sizen Xn xXn 5-way tensorofsizen XnXn XnxXn
100 — ! | | H ~ I | [
= CP-ALS 1 B CP-ALS N
@ B CPRAND [ - CPRAND :
z —@— CPRAND-MIX - 109 |{ —=— CPRAND-MIX =
5 107tk E - ;

—

|5 B b i b
— I —1 [ ]
o 107+ -
2 ] - E
: 1072 | E: i i
- , 1072 E
- 8 i 5 ._./.—]—W :
| | | | | B | | | ]

0 200 400 600 800

[\
o

40 60

Dimension Size (n) Dimension Size (n)

Note there is almost no change in number of iterations, so per-iteration speed-ups relevant

8/7/2019 Kolda - ICCOPT, Berlin



Matrix Sketching Only Worthwhile @ e, (18
If Structure Exploited Laboratorie

min |2 — M2 = | X — ARZT | = CP-ALS is standard method for fitting
At tensor decomposition with tall + skinny
st. Zp=()Ay least-squares methods at its heart
7 = Matrix sketching used within larger ALS
algorithm — called many times!
Zy Aj X () = Naive application of FILT would be less
efficient than direct solution
XN 5 : = Adapted principals for fast mixing to

~ special Kronecker product structure —
' ' resulting in huge complexity reduction

R Q& i . .
neo> : : = Proved “Kronecker FJLT” is a low-
distortion embedding
= Working on leverage-score sampling as
another alternative — requires clever
IR T crafting of sampling strategy

8/7/2019 Kolda - ICCOPT, Berlin
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Stochastic Gradients for
Tensor Decomposition

= D. Hong, T. G. Kolda, J. A. Duersch. Generalized Canonical
Polyadic Tensor Decomposition. SIAM Review, in press,
2019

= T. G. Kolda, D. Hong. Stochastic Gradients for Large-Scale
Tensor Decomposition. arXiv:1906.01687, 2019

8/7/2019 Kolda - ICCOPT, Berlin



Recall the Optimization Problem Uses @ﬁgggiga,_
Sum of Squares Error (SSE) Laboratories '

Data Model Sum of r Outer Product Tensors Factor Matrices
~ : Al Ay - Ay
X R M _ + + -+ defined by
nXxr
£ € RUXNX XN M:[[Al,AQ,...,Adﬂ c RMXTX X0 Ak c R
€T, = 33(7:1,’1:2, e ,id) m; = m(il,iQ, o :id) — Z;Il Hi:l Gk(lk,j) ral’lk(M) S r
nd
w min X - M|* = T —m;)°
Bl amin,, 12O =3 G - m
| . 1=
©
-(% s.t. M= [[Al,AQ,...,Ad]]
@ A, eR"™ " fork=1,...,d

8/7/2019 Kolda - ICCOPT, Berlin



CP Tensor Decomposition Can be Tough to @ il
Interpret due to Negative Entries Laboratores

I 1I[r|1 I'l]' I|'|r bk B

euron (scaile ime ria reen/Orange = jurn Rig Left, Reward = Fille

1 Lu ]| I“ll‘ “ I || /— Wﬁ”;&wm M
| | | | PRI, JANP 5 AT PO SN PPN P

2 . II | Lot || | ||| h N \ I AT ) ‘a..": N‘;’ e ...

N vl
LA L AR Ty ||1' T |

.
T T T T T T .I T T T T
3 - Wﬁ.ﬁl"LM.ﬁﬁLwrf Lo i B O e S o] ReWard!
LA WD "| TITT T|| “ans

& bt ol el Wi lll N [ e e —
A
T T T T T I. k.rl I . . ) & T . T
5 WMMMWMWMMMM“ / \ _______ e T e SRS gery Turn left
: : : : ; o 0 - LT SV S—
6 Muumdua.lj.d.mmuﬂmmmhmummwhmdmmmm.l.hmuMLILLmeumuMJJMu.LMJ N .......... e SR s oo Turn right
7 %%WM%% \v ................ oo ‘ ....... rs ST - i R
T T T T T T e o 'ﬁm I ! 'am l |7 X b ! !
8 MMMMMWWMMMH A J— g eemeammesmmessmssssesseesssssssssssssssesssssssesss Turn
. . . . . M~*| fasiele 0 o , J&M
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Generalized CP (GCP) Allows for Different @ s (W
Loss Functions laboratories |

Data Model Sum of r Outer Product Tensors Factor Matrices
~ i Al A.Q s Ad
X M _ + +-+ defined by
nXxr
£ € RUXNX XN M:[[Al,AQ,...,Adﬂ c RMXTX X0 Ak c R
x; :ﬂj(il,ig,...,id) m; :m(ilgiQ,---,@'d) — Z;Il Hi:l Gk(lk,j) ral’lk(M) S r

min F(X, M) = Z f(@i, my)
i=1

s.t. M= [[Al,AQ,...,Ad]]
A, eR"™ " fork=1,...,d

Generalized CP

8/7/2019 Kolda - ICCOPT, Berlin



Alternative Loss Functions Allow Binary, @ onda,
Count, Nonnegative Data Laboratores

Gaussian Huber (A=0.25) 10 Gamma 10 Rayleigh 2§eta Divergence (3=0.5)
/ |
30 x=-1.0|/ 25 x=-1.0/ 8l x= 0.3 8 x= 0.3 x= 0.3
x= 0.0 \ x= 00|/ x= 1.0 x= 1.0 15 x= 1.0
' = 1.0 2|\ x= 1.0 6 x= 1.8 6| x= 1.8 x= 1.8
—_ \ [ [ = \ O\ [/ —_ | —_ —_
\ [ [ A f | 4 -
g% g1s)) /1 & a e 1 _— £ 10 Nonnegative
-— | — & — \ g i\ e gl
) Standard CP ; ‘Robust” 21\ . |7 _ Data
\ \ // \\// | ) ’ Nonnegative ~———  (not MLE)
\ 0.5 \ \ /. / 0~ Nonnegative
N\ 0 \ N/ , Data Data m>0
0 —-— - I S
5 0 5 5 0 5 0 2 2 mz=0 2 4 8
m m m=0 m m
Bernoulli - Odds Link 5Beerm:mlli - Logit Link 15 Poisson 10 Poisson - Log Link 1yegati\m Binomial (r=3)
[ - , [ T
> x= 0.0 \ x= 00 x= 1.0 \ x= 1.0 x= 1.0
4 x= 1.0 | 41\ x= 1.0 10 x= 3.0 \ x= 3.0 8 x= 3.0
‘ / x= 5.0 51 \ x= 5.0 x= 5.0
— - —_— 3 ° — — L ."; / — 6 \ .
3|  Binary £ Binary € 5 - W S I\ “Failure”
=2| (Oddslink) | =2/ (Logitlink) | = || = | X/ CountData ~_~ CountData
,, m=0 : \/ 0/ "~ CountData (Log Link) ~ (Odds Link)
; o L . (Identity Link) | N |
0 2 4 -5 0 5 0 2 4 m=>0 D) 2 4 6 0 2 4 6
m m m m m

Welling & Webber, 2001; Cichocki & Phan, 2009; Chi & Kolda, 2009; Hong, Kolda, Duersch, SIAM Review, 2019
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GCP Decomposition with Beta Divergence @ e

(B=0.5f(x,m) = \/7 —- x/r) Laboratories

euron (scaie reen range— urn Right/Left, Reward = Fille

MMMMMMMMMMM A N O LT I
. |||| _I.‘Uhl.ll Ll .|||... |||.|| oL |,.||

Reward!

Turn right

No reward!

Turn left

0 50 100 150 200 250 0 50 100 0 50 100 150 200 250 300
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Gradient-based Optimization Can Be Used @ ol
for Fitting the GCP Model Laboratories

N n? Gradients computed via a sequence of matricized-
O min F(I)C’ M) — Z f(aj,“ ml) tensor times Khatri-Rao product (MTTKRPs):

e ArAa —

=

s s.t. M=[A1,As, ... A OF

= [A1, Az ] Gr= - =YuZrfork=1,....d
& A, cR"™ fork=1,...,d OA

Define: Elementwise partial gradient tensor, gradient for tensor unfolded M “ “ KRP

same size as data tensor = n4 mode-k factor in mode k into
matrix matrix
af
H Yi = om (x“ mz) MTTKRPs can be computed efficiently...

Bader & Kolda, SISC, 2007 — Dense and sparse
Phan, Tichavsky, Cichocki, 2013 — Sequence

Define: Khatri-Rao product in all modes but Smith et al., IPDPS 2015 — Sparse

one of size n¢~1 x r 1 Kaya & Ucar, SC 2015 — Sparse
Li et al., IPDPS 2017 — Sparse

Zk — O AE Hayashi et al., 2017 — Dense
f—d Ballard, Knight, Rouse, 2017 — Dense

£k

8/7/2019 Kolda - ICCOPT, Berlin



Stochastic Gradient Descent (SGD) for GCP
Chooses Sparse Stochastic Y-Tensor

Sandia i a
National e
Laboratories V-

min F(X,M) = Z f (@i, m;)

s.t. M = [[Al,AQ,...,Ad]]
A, eR"™ fork=1,...,d

Generalized CP

Mode-k unfolding:

(d—1)

Khatri-Rao product of all factor
matrices but one:

1
Zy = (DA e R xr

¢=d
£k

G, = Y (1)L Cost: O(rnd) flops
0
Y om

ék = ?(k)Zk Cost: O(rs) flops

°,* Choose stochastic sparse Y-tensor
L]
[ ] - e ~
. 13 ol ® E[y] — y
o °®
such that

nnz(Y) < s < n?

o~

By linearity of expectation: E[Gj] = Gy

8/7/2019
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Uniform Sampling with Appropriate Weights @ G
Yields GCP Stochastic Gradient

() i;‘:i' ¢

E[Y] =Y
nnz(Y) < s < n?

Laboratories

Sample s « n% random tensor
entries (with replacement)

N S _ Choosing s, the number of sampled elements...
* Chooses = 0(n)
 Gradient = 0(rs) = 0(rn) versus 0(rn%)

S; = # times ¢ sampled

oS T N —
\-----—

Claim: E[‘B]
>
sl | Proof: IE[3;]
RS
l—
E[g;]

Y Downside...
g * If data tensor is sparse, few entries
— corresponding to nonzeros will be chosen
n
d
_.n
E[Sz] ' o "Yi = Yi

8/7/2019

Kolda - ICCOPT, Berlin



Nonzeros Needed to Reduce Variance in @ o
Stochastic Gradient Laboratores

Biased sampling toward functionals with higher Lipschitz smoothness constants
reduces variance in stochastic gradient (Needell, Srebro, & Ward, 2013)

Sparse Binary (0/1) Tensor

For tensors, functionals equate to tensor entries, i.e., f; = f (x;, m;) F(z.m) = log(1 + m) — 2 logm
5 . -

—x=0.0

Consider Bernoulli with odds link: f(z,m) = log(1 4+ m) — zlogm 4 —x=10].

- = — L <1 :

om (0,m) m+ 1 ~ — Fol

0 —1 .|

—f(lam) = ——— = L unbounded as m | 0

om m? +m 0 . .

0 2 4 6

Model Value (m)

> Need to bias sampling to select more nonzeros in sparse tensors

8/7/2019 Kolda - ICCOPT, Berlin
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Stratified Zero/Nonzero Sampling

yi = g—i(xi,mz) ) ‘\‘
! Sample p nonzeros and q zeros. :
I . :
*,"* : P; = # times nonzero ¢ sampled 7 = # nonzeros |
e _o |* ' q; = # times zero ¢ sampled ( = # zeros |
o o|® l I Explicit List
¢ ¢ : ’g_(ﬁﬂ—Fng)y of :
(e 7 (3 1 L= Y . .
i I\ p q Yi = om (x'mmz) ,l
EY] =Y - s
nnz(Y) < s <« n? r = 1
Claim: EY]=1Y
P ~ q
9| Proof: E[p;] = =, E[g] = =
S U G 77
< ﬂii:1:>E[§i]:E[ﬁi]'}—j'yi:yz‘
N 6
z; =0 = E[g] ZE[qi]-g-yizy@-
Implicit List (Requires Rejection Sampling)
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Sandia e 1o
Semi-Stratified Zero/Nonzero Sampling ) =,

! Sample p nonzeros and q assumed zeros. ‘l
i p; = # times nonzero i sampled 7 = # nonzeros |
: q; = # times “zero” ¢ sampled ( = # zeros |
I

I .
: p q om I

\ /

N e o o o o o S ’

Claim: E[‘B] =Y

|| Proof: E[p;] = 2—3, Elg;] = !

S 1) (¢ +n)

2 _ e s O

- z; =0= ]E[yl] = E[Qz] ' “Yi = Y

N .7 -, N+t
i=1=BEly;|=Elp;|-— - (yi —¢;) T E|lg| - —— ¢, =y;
x = Elgi| = E|pi . (yi — ¢i) + El|gi] Gy implicit List
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Sandia |
National
GCP with Stochastic Optimization @ laboratore

= Using Adam (Kingma &

Ba, 2015) initial step = 0.01
= Default parameters 32107
= Some tweaks for 2 .

checking convergence TS decrease step if |

\ F increases,
\ new step = 0.001

loss %1 N \ epoch = 1000 iterations )
estimated §-'2_ \\\ |
with P \ quit when )
100,000 Sab \ F increases again |
fixed sl \*\\ 1 |
samples nl \\*___+——__*""*"“*"‘"“‘\\*_ \ _
7 | | : ‘\l/ ! *_~__|*____*-__|_*____*__\_%*‘_\_.7*
0 2 4 6 8 10 12 ” - -

time (sec)
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Roughly O(n) Samples Needed Per Santia

National

Stochastic Gradient Laboratories

200 x 150 x 100 x 50 Tensor (150M entries) with rank r = 5. Gamma loss: f(x,m) = % + logm.

Running Adam with 25 random starts and varying numbers of samples.

7

x 10

-54 :r,,,\-‘;\ I [ I I
»E m— samples = 125
- Dashed lines: Individual runs, Solid lines: Median, samples = 250 Recovery of Factor
) 1 X ¥ - _

O -y b VTN . ; : samples = 500 )
456 FEBLIERISY o och: Asterisk (success), Dot(fail). smplee = 1006 U Matrices
% (o 3 “ ::':?’:\;\\ samples = 2000 o5
@ S . e =====:nominal (true solution)| | &
S z T L 4 !

— - s *,___\—\-{\“: = ) ) >
= . B s T e AN s 2

R TGt 2 RS AR T D ST NIy . o
= Ty g ek R TS . S : 515
\(;; § \J é
) ; 5
Qo g 5|
9 E
E 62f - -
g 125 250 500 1000 2000
gradient samples
6.4 e L ———

N
H oS
(o)}
(o0}

10 12 14
time (sec)
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Zooming Out: Stochastic Much Faster Than @ sy
Non-Stochastic Laboratores

200 x 150 x 100 x 50 Tensor (150M entries) with rank r = 5. Gamma loss: f(x,m) = % + logm.
Running Adam with 25 random starts and varying numbers of samples.

7
-5-410 I BRE N SR I i | I I { I
2 R — samples = 125
A SRR T samples = 250
v e d W X samples = 500
-5.6 & M *\* Each asterisk is an iteration. e samples = 1000 i

samples = 2000
wws Non-stochastic
=====:nominal (true solution)| |

Same as
prior
slide, but
rescaled
X-axXis

estimated loss (100,000 samples)

40 60 80 100 120 140 160 180 200
time (sec)
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Uniform Sampling is Worse than Stratified il
for Sparse Tensors Laboratoie

400 x 300 x 200 x 100 Tensor (2.4B entries, 9M nonzeros, 0.4% dense) with rank r = 5.
Bernoulli loss: f(x,m) = log(m + 1) — x log m. Using s = 1000 samples, evenly divided for stratified and semi-stratified.
%107

6~ 025 ' + : .
r 5 o267 uniform 1
L R €20t @ i i
I g Z24; stratified ]

o 5 1 . -
55 H o S 2.2 i semi-stratified | -
[ 2 = (0] . —
L b S0} 5 20 : ] =====:nominal il
L R x ? P 4
- R S 57 g8 ]
I B, X ® : 16 . . . .
S \‘ unif. strat.  semi-strat. unif. strat. semi-strat. 7]
t\\ gradient samples gradient samples )

T T T
Il

”
%

.

P

» Ko
z

1

T

Estimated loss (100,000 samples)
o
[

o *.,, *
e H
o *
L x & %x“*:i** §
¥ LG WPy .\*\,o-._g"’l-_. A O B *H%*
L \ ' . * e Rl Lty P * -g—9 t** -
& . e’ % EE'S
***\ \J SEe-g R [l o P "'----—.-..._._.ehh e X F S -0 8 0000 0-0¢ o -0
- i - 9> el o -0 0 oo -t e -t e t-00s000 u
e - DRkl B ST P goivioon """"*—*-4—-—-.--.—..o-—o-o-:::-:o-.:_’.-. gl b
#0000 e sl % - 8 9-0-0 5-9-0 & 9
i- * . e o o o '*L*-.*, * % L ]
‘e ‘.: = ol - - %o ot .-.-.-."""'-.-.‘-.-.1-.— *"*'*-..*‘_
R N %o gy L TPy ¥ %
4 [ g * E i e o et AT ¥* % ]
RN VA e T et AAasrs s PO
3 St S T FEE S 5 o e T i o O e Sesetetute o o o o o o &
= XL _‘\ ¥ 'z 3 'i"'q,. o .-'-:__.-.-._."'".-D-Oc-.-o-o-i-c—o-o- = =
.%‘w -'i. 4—.—9-.-.—.-.-‘—.—.—0-.—0—0-0-—.—.—.-—-.-o-o—o-c-o—.—.-c
= o

0 20 40 60 80 100 120 140 160 180 200
Time (sec)
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Chicago Crime Data

= 4-way count tensor City of Chicago Community Areas and ‘Sides’
= 6,186 Days : A\ —
= 24 Hours of the Day GlLl- ot L [ A - B:::::
= 77 Community Areas Rank =10 3 e A e e 5:«':1 ;
. : Samples s = 6,319 \ = 2
32 Crime Types \ o LR B.,
| NOn-ZEFOSZ 5,330,673 f(x m) —m —x log m I'\.I‘ 5 23 : 24 L[:Jons...:-ﬂ.usyj
= (0.21GB for sparse tensor - ”” 2

= Distribution of entries
= 0:98.54%
= 1:1.33%
= >2:0.12%
= QObtained from FROSTT
(http://frostt.io/tensors/chicago-crime/)

= Data originally from Chicago Data Portal
(https://data.cityofchicago.org/Public- T i
Safety/Crimes-2001-to-present/ijzp-q8t2) L : -

JUS Servey leet) {Tranoverwe Mercalor]
Dutwrnc North Ammerican Datern | Q30 %0In0k Fasz 0t US
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http://frostt.io/tensors/chicago-crime/
https://data.cityofchicago.org/Public-Safety/Crimes-2001-to-present/ijzp-q8t2

[}
2
mw
=}
=
©
—

Sandia
National

Crime

@

Neighborhood

Hour

Date (Tick =1 Year)

Application to Sparse Crime Binary Tensor

(Semi-stratified results)

\
bttt bty
T
T
\

10

prostitution
weapons Vio
criminal tresj
deceptive pr:
robbery
motor vehicle
burglary
assault
other offense
narcotics
criminal dam
battery

theft

67
56
45
34
23
12

12 18 24~

6

2017
2016
2015
2014
2013

12012

2011

{2010
12009
12008
{2007
{2006
12005

2004
2003
2002
2001

=
=
Q
o0
T’
(a8
@)
Q
1=
1

©
2
o
7
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Component #1 abortores
Date Areas
I I T I I T I I I I | I
15 - N
10 - .
0.6
5 - —]
0 | | | | | | | | | |
N N N NN N N NN N ) N NN N N [ 0.5
o o o o o o o o (@] [e] o o o o (] o (@]
o o o (] o o o o o - - = - —_ - —_ -
- N w S (&) (&)} ~ oo (e} o - N w £ (&)} (o)} ~
Hour of Day Top Crimes 0.4
087 ' ‘ - '
narcotics o
067 1 battery -1 - 0.3
assault l
047
theft 10.2
robber
0.2} y
other offense
10.1
0
6 12 18 24 0 0.5 1
— 0
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Component #3 abortores
Date Areas
| I T I I T I I I I | I
15 -
10 -
0.6
5 B il
0 | | | | 1 | | | | | | |
NOORORNRNN NN RNNNNNNNNNN 0.5
o o o o o o o o (@] [e] o o o o (] o (@]
o o o o o o o o o - - = = —_ - —_ -
- N w S (&) (&)} ~ (0] [(e) o - N w £ (&)} (o)} ~
Hour of Day Top Crimes 0.4
087 ' ‘ -
battery ol
0.6 1 criminal damage o 0.3
theft l
047
robbery 102
It
0ol assau
motor vehicle theft
10.1
0
6 12 18 24 0 0.5 1
— 0
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Component #6 aboatones
Date Areas
| I T I I T I I I I | I
15 - N
10 - .
0.6
5 - —]
0 L b b takdlhin i ik o Lok o e Mok b L o i R L b Lk b i b Lt ) et L 3 i a. L il
NOORORNRNN NN RNNNNNNNNNN 0.5
o o o o o o o o o o o o o o o o o
o o o o o o o o o - - = = - - - -
- N w S (&) D ~ (0] [(e) o - N w £ (&)} (o)) ~
Hour of Day | Top Crimes 0.4
087 :
deceptive practice |
theft ol 0.3
other offense l
se involving children 102
battery
criminal damage
10.1
0 0.5 1
— 0
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Stochastic Gradients Enables Significant @ G
Speed-Ups, But Need Smart Sampling

estimated loss (100,000 samples)

Estimated loss (100,000 samples)

8/7/2019

Laboratories Vo

GCP is tensor decomposition with
modified objective function

Stochastic version significantly
faster

Stratified sampling important for
sparse problems

Specialized semi-stratified yields
greater computational efficiency

Very few samples needed per
iteration

Stochastic methods (like Adam)
need more robust foundations

Kolda - ICCOPT, Berlin
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Coming soon, 2019.
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ients

= S.Sherman, T. G. Kolda, Estimating Higher-Order
Moments Using Symmetric Tensor Decomposition.



Empirical Higher-order Moments Measure @ Nt
Higher-Order Interactions o

Letv, € R fori = 1, ..., p be the observations of the random variable V/

Interesting Fact: If V' is
Gaussian with mean

V = [Vl Vo v Vp] € R™*P (observation matrix) zero, then its 3 order
moment is zero!

15t order empirical moment: — Z vy €R (mean)
p =1
1P
- T nxn covariance
2" order empirical moment: Z vevy €R ( )
p =1
1 1
. 3
34 order empirical moment: X = — E V? e Rxnxn = Lijk = — E VigUjeVks
P = P 3

Applications: Gaussian mixture models (GMMs), skewness/kurtosis estimation, moment matching, detecting outliers, etc.
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Low-rank Symmetric Tensor Decomposition @ e,
for Moment Tensors Exploits Structure aboratores

Observation Tensor Storage/computation of O(n4) may be intractable
n = 2000, d = 3 = storage = 64 GB

V=|vi vy -+ v,| eR"P
[1 2 p] n =500, d = 4 = storage = 500 GB

Empirical dth-order Moment Tensor

X o Zv?d c Rnd O Key #1

Symmetric CP Decomposition with Rankr < p
Avoid forming moment tensor explicitly,

reducing work from O(pn4) to O(pnr)

T
~ d
X = E af?d e R"”
=1
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Implicit Method Much Faster For Gaussian @ ool (I
Mixture Model Mean Identification aboretones

0;.)t|m|za_t|on Run Times 3D Projection of Sample Point Cloud
n=300 dimensions, p=1000 samples

=5 G . d=3 t ord n=300 dimensions, p=1000 samples
” rT aussmlns, = mcI)men or ?r (=5 Gaussians

* Imp||.C|.t Samples © Means © Recovered Means
{ —e— Explicit
258 K ]
o 4
=
® 256 7
S 5.6 R 0
C o o
S 3 o 2
© 254} 1 2
> o
L 5
252 F 2 ’
25 | | | |
0 1 2 3 4 5
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For Large Number of Observations (p), Use @ i (W
Stochastic Moment Tensor Laboratories

Observation Tensor
O Key #1
\7: [{fl \ R {75] c R™**®
Empirical dth-order Moment Tensor Avoid forming moment tensor explicitly,

reducing work from O(pn4) to O(pnr)

. o () Key#2
Symmetric CP Decomposition with Rankr < p

Use stochastic moment tensor,

T
=Y a? er™
J=1 reducing work from O(pnr) to O(snr) with s < p

8/7/2019 Kolda - ICCOPT, Berlin



For Large Sample Size (p) Stochastic @ e, (18
Optimization Much Faster, Same Accuracy boratoes

Optimization Run Times
n=1000 dimensions, p=10000 samples

= Fitting CP to tensors with

o r=5 Gaussians, d=3 moment order structure much cheaper
—e— Implicit

90 —s— Implicit-Adam | = Moment tensors

89| = Also sparse tensors
o
E
S 88t =10 = Even still, there is opportunity
C - L] ]
L & Samples | for improvements using
5 Per Gradient randomized methods

86 :

O(nsr) O(npr)
= Yet another example of

computing a stochastic gradient

y

(00}
N
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Applied naively, randomization fails
= Computationally expensive to sketch/sample
= High error and/or slow convergence
Sketching creates a smaller problem
= Mixing is expensive — make it cheaper or avoid it?

= Theoretical bounds much worse than practice - why?
= For subproblems — do things improve or get worse ?
= How can we handle missing data in sketches?

= Stochastic gradient descent uses cheap estimate .
= Relationship to sketching largely unexplored .
= Variance reduction — too little versus too much?

= More work needed on controlling step length .

Questions/Comments: tgkolda@sandia.gov .

Kolda - ICCOPT, Berlin
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Creativity + Randomization
= Improved Data Analysis

Tensor Toolbox

Sandia
National
Laboratories

Tensor Toolbox for MATLAB
www.tensortoolbox.org

Papers & Slides

www.kolda.net
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