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(X1, x2)

Illustrative Example:
1000 datapoints

Making Sense of Data
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Technique: Create Model of Probability B
Density from Datapoints Mﬂkai
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Gaussian Distribution (“Bell curve™) @F@

MathSci.ai
4
4 Probability Distribution % ~_ N(
Function (pdf) \ ) aka “Normal”
/ / distribution

—3(x—p)T=" (x—p)

n-dimensional mean or center covariance matrix
vV (2m)" X random 1€ R™ ¥ € R
K / variable symmetric positive definite

Bell Curve

Nice properties...

* Limiting distribution of a sum
of random variables

* Symmetric around the mean

* Marginals are normal

///l//,
I"’ "“‘Q“‘ ‘\\
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Covariance for Gaussian Distribution @
MathSci.ai

Spherical or Isotropic Diagonal or Axis-Aligned General

2
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Gaussian Model of Data g@
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3 Parameters: u, X
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Gaussian Mixture Model (GMM) (71
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Number of Components Component]

XNT)\ J\/'(uj, )\
i=1 \
; /;‘;“ iy

Proportion in
Jjth component
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GMM with Three Components (71
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. Parameters: {ﬂj,ﬂj»zj}

j=1m

0.15 4
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Motivation: Making Sense of Data @
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Applications: Gaussian Mixtures @
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Anomaly
Detection
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Tensors anel
Symmefric
Tensors
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Tensors are Multi-dimensional Arrays @

MathSci.ai

d = order of the tensor (the number of ways or modes)

P n > For this talk, all modes have the same size: n
/'{\
g : . : Curse of
N n® = number of entries for d-way tensor of dimension n : . .
Dimensionality
A
< a;jx = (i,j, k) entry of 3-way tensor A
3-way tensor A tensor is symmetric if its entries are invariant under permutation, i.e.,

Aijk = QAjkj = Qjik = Qjik = Ajgi = Agjj = Agji

Curse of notation...

(i, iy, ..., iy) = indexinto tensor, i, € {1, ...,n}fork =1,2,...,d



Tensor Norm & Inner Product @

MathSci.ai

Inner Product A B (A, B) = S: S: S: aijkbij

i=1 j=1 k=1

Norm A ||-AH2 YYYGW

i=1 5=1 k=1

A —B|* = [lA]* +|B]* — 2(A, B)
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Symmetric Tensor Outer Product

A=b®?=bgb e R"*"
A:b®3:b®b®b€RanXn
A:b®4:b®b®b®b€Rnxnann

A=b%=b® --©beR™*"

1/31/2022

b e R"

Qi = bzbj

]

MathSci.ai

Visualization of 3-way
Outer Product

b

/ b

aijr = bib;by

@ijke = bib;brby

1111

iy — bil . 'bid

d times
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Outer Products, Inner Products, and Norms

Inner Product

Inner Product of
Outer Products

Norm

1/31/2022

n n mn
=) ) > aijrbij

i=1 j=1 k=1

=1 j=1 k=1

= () () (S ) =

(%! b®?") = (a,b)?

[a®9)* = (a¥,a%?) = (a,a)
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Approximaie Methed
of Mements for
GCaussian Mixiures

See Sherman & K(2020)

Kolda @ Texas A&M TRIPODS Distinguished Lecture



Moments of a Multivariate Random Variable @

MathSci.ai

Higher moments capture interactions between the variables

Random variable: X € R"
First moment: MY = E(X) M(l)(i) = E(X;)
Second moment: M) = E(X®?) M(2)(i,j) = E(X; X))
Third moment: M®) = E(X®3) M(‘g)(z‘,j, k) = E(X;X; Xk)

dth moment: M(d) — E(X®d)

dth moment is a symmetric tensor or order d
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Moments Define a Distribution @

MathSci.ai

Higher moments capture interactions between the variables

Random variable: X € R"

First moment: M) = E(X)

“Method of Moments”
matches empirical and

Second moment: M%) — E(X®2)
model moments to

Third moment: M®) = E(X®?3) estimate the parameters

of a distribution.
dth moment: M(d) — E(X®d)

We focus primarily on matching just the dth moment

1/31/2022 Kolda @ Texas A&M TRIPODS Distinguished Lecture 21



Gaussian Mixture Model:
[
Small Spherical Covariance M@ai

X ~ Z)\J N(Nj,O'ZI)

7=1

Moment of the Model:
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Fitting the dth Moment @

MathSci.ai
Given r observations: Example: 7 = 1000, m = 3
2 -
{x1,%x2,...,%, } CR"
15t
Find m weights and mean vectors: 11 x ®
{)\1,)\2,...,)\m} CR ignoring 051
n covariance ol
{u’l?u27"'au’m}CR K |
05}
Such that... :
1k Data points, X, D 4
®
Empirical A5k %
or Sample X H
Approximate Moment 2 e 1 Py 5 S 1 5 5

Model
Moment
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Optimization FornjL!latlon: Symmetric @

Optimization Parameters 1 p m
O={N.p;}", min f(0) = ||

N

seical pnomedt
enpificel s

Problem: Forming

Problem: Forming and storing the

and storing the . approximate model
empirical moment 1 P Qd ®d moment tensor costs
tensors costs O (pn%) - Z X Z )\juj O (mn%) operations
operations and 0(n%) p i—1 J=1 and 0(n?) storage
storage

But there is only O(pn) data and O(mn) parameters, so there is room for efficiency
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Optimization Formulation as Inner Products H\ﬁ

MathSC|a|
1 m
mgin f(0) = | 5 Z d Z )\Ju,J 0= Ajs 1y},
1=1
p m 2 1 p m
_ 0% L, Rd| = ®Xd L, Rd
CRP =R WS EEOWDREY
1=1 71=1 1=1 71=1
Conston+-
m m 9 P m
10 =€+ 303 Ao () - 2373
i=1 j=1 i
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Casting as Optimization Problem

1/31/2022

i)\jﬂ?d C_I_ZZ/\)\ u’z?”’g) __ZZ)\3<X7,7”’]>d
j=1

=1 5=1 7,1]1

Never need to form empirical or approximate model moments explicitly,
overcoming curse of dimensionality

Function can be calculated with only dot products, total work O (m?n + pmn)
and O(mn + pn) storage, versus O(mn® + pn?) as originally formulated
Gradients equally efficient to calculate, via chain rule

Issue: Inherent scaling problem (will come back to this later)

Easy stochastic function and gradient if number of samples (p) is large...

:C—FZZ)\Z')\j(}Li,[LJ ——ZZ XZ,[J,j

i=1 j=1 zeﬂ =1
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But the Approximation is Biased (71

MathSci.ai

N(d)

H ZX®3 Z)‘J”’?S

m
E : 2
j=1 00— ERmBtar Agpreximation of Emplice !"!9!!1.?"*‘

AR
~ '-..‘_
®d e "
E(X E )\Juj o?) L SRS
\\\ ’_"""_""—__’
© 107" N §
2 N
m £ \\\
— (d) = \
_ E { L Dd 5 N 2
M — Ajuj % \k --‘___..____‘
j:1 Z 102 S "
(d) 1 P -4 +%=0.001 T N
e‘“\)\r\ c °\-\ M _ X®d — 4 =001 -~
ronen + P i E— 1
N\ A C =1 1073 : : : : :
1enso 10" 102 103 10 105 106 107

Number of Samples (p)
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More lensors
ane Symmefric
Tensors
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More Tensor Products

b cR" C e R*»*n

A:b®3 =bRbXb GR”x”x” ~ ik :b@bjbk

A=bx C e R"*"*xn" )  a;j; = bicji

(not symmetric!)

A=C% = CwC ecRW>xnxn  {(ammm) dijke = CijCke
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Symmetrization @

MathSci.ai
SRy rrry)
1

(Sym(ﬂ))@-jk = g(az‘jk + Qikj + Qjik + ki + agij + akji)

Lemma (Hackbusch, 2019)

(sym(A),b®") = (A, b®%)
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Symmetric Tensors
' Correspond to Polynomials @

MathSci.ai
Ve N
O[A(z1, .. za) = ) D) aignzizize = (A,29%)
i=1 j=1 k=1
\_ J

— ——

-

Binomial Theorem for Tensors \
(Kileel-K-Pereira 2022)

dlal(z1,...,2,) = a'z ] 4 /4 ) o
O[A](21, ..., 2,) = 2T Az \(a—l—b)@@ :;<k) Sym(a® @ b® ) )
LA](z1,- .5 2n) = Plsym(A)](z1, . . ., 2n)
PA®B|(z1,...,2n) = PlA|(21,...,2n) - P[Bl(21,...,2n)
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Mefthoe of Moments
for GCaussian Mixiure
Moecels = General
Secenarie
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Gaussian Mixture Model: General Case @

MathSci.ai

2

m Rd _ ()
min X
XS NNz el || Z
7=1 Optimization Parameters

et col wonent
e“\? fenso

0.15

Problem: Can we
explicitly characterize
the model moment

p
l E X®d M(d) tensor in terms of the
(/

parameters?

0.14

0.05 4
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Gaussian Model Moment @

MathSci.ai
Let X ~ N (p,X), MY = E(X®4). Then

MB) = pn®? + 3 sym(p @ %)
M — p®* 4+ 6 sym(pu®’ ® %) + 3 Sym(2®2)

Theorem (Kileel-K-Pereira 2022) Proof techniques
* Equivalence of symmetric tensors

and polynomials

[d/2] I\ 2k
M(d) _ Z ( ) Sym(ﬂ®d_2k®2®k) . Margin.alsofmult?var?ate

Qk k'Qk Gaussians are univariate Gaussian
e Binomial theorem
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GMM Model Moment @

MathSci.ai
Theorem (Kileel-K-Pereira 2022)
L)), M<d> = E(X®9)

Af(D

Mj
0.15 3’1
d\ 2k!
005 ®d—2k Kk
0 (30) e om0 557)
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Empirical versus GMM Model Moment @

MathSci.ai
10° |
@
e 4o
g 10
©
=
a
©
£
z
102
10-3 R | R | R | AR | Ll
‘ . ‘ ‘ ] 10 102 10° 104 10° 108 107
-2 . 0 1 E Number of Realizations (p)
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Previous Approach was Biased

MY = 3 4 3 sym(p; @ X))

[ New Method: Exact \

1 & —
®3 (3)
H RO DL D DRTALS
\ P = J=1 )
p e e ~
‘ Previous Method: Approximate
| N(?’) ®3
, M; = p;
| 12 m
®3 ®3
| H - Z Xi = Z AjH,
| P j=1
N e e e e e e o ___
1/31/2022

Norm of Difference

]

Y

e
w
T

[ | = @~ previous
L ol L L

MathSci.ai

107
10’

10°

10° 10* 10°
Number of Realizations (p)
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Previous Approach was Biased

]

MathSci.ai

100 ™1 T T T i
[ New Method: Exact \
3 3
MY = 3 4 3 sym(p; @ X)) ol
m
I8N~y 0 ® 3
D X JvYg E
=~ J ¢
B8 102k
s T TEEEEEEEET ~ ©
‘ Previous Method: Approximate \ £
| (3) : 2
N ,,®3
I M; = n; I 1073 ©
! 1 p 23 m 23 I — &~ previous
I — E Xz — E AJI'LJ | I +0'2=0.01
| P i—1 =1 ] [ |= @~ previous
N / 1074 e -
10 102 10° 10* 10° 10° 107
Number of Realizations (p)
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Previous Approach was Biased

MY = 3 4 3 sym(p; @ X))

[ New Method: Exact \

1 & —
®3 (3)
H RO DL D DRTALS
\ P Jj=1 )
p e e ~
{ Previous Method: Approximate
| N(3) ®3
I M; = p;
| 12 m
®3 ®3
' H — Z Xi = Z AjH;
| P j=1
N e e e e e e o ___
1/31/2022

Norm of Difference

]

103 F

MathSci.ai

10° 10* 10°
Number of Realizations (p)
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Optimization Formulation @
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BN ||’
m . _ XRd d
min f(0) = ||- Y x7-—M
X~ SN Ny 5)) i /() sz X

— 1=
7=1 \ \ Optimization Parameters

[ 'C L m

Problem: Can we
explicitly characterize
the model moment

p m :
l Z X®d Z \ -M(-d) tensor in terms of the
i JTg parameters?
P53 g=1

0.15 4

0.14

0.05 4

U (d)_Ld/2J d\ 2k! QRd—2k Qk
Yes! =3 (,,)m vm(s ez

7
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Optimization Formulation @
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Optimization Parameters

0={N\j,n;,%; }?:1

o= Yoxet -S|

\ ment
empicicoiment - mode) el

- Ep: x; DAY
P 1=1

w2 o
M=) (%) e v (g @ 25
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Optimization Formulation as Inner Products @

MathSci.ai

2 o —
ACRLED ) SERVCI UL VR D RNl
1=1 5=1 W«T P i=1 j=1 AAAMASASCAA
o oo duc dod (o QUL
D{'?Z W\QW\&/\'\’S 0} Y‘:\DW\Q‘!\A’
See forthcoming arXiv posting for full details!! x \€ o ¢
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Example Calculation: d = 3

me M

o) =c+3%" )\@-)\j<M§d), M§d>> _

i=1 j=1

tafl N\

i=1 j=1

M = pu®3 4 3 sym(p; @ )

(x5, M) = (xP3 uf?) + 3(xP%, sym(p; @ 5;))
:(Xiﬂg) +3< X; =“3®zj>
= (X;_r“j):% + B(XiTﬂj)(Xz‘szxi)
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Y >

Theory for computing inner
product of two GMM moment
tenors or empirical and GMM

moment tensor — see
forthcoming arXiv paper for
details!
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Casting as Optimization Problem (71

1/31/2022

MathSci.ai
min f(6) = C+§:§:/\i)\J<M§d),M§d)> EZi)\j<x?d,M§d)>
m @ i=1 j=1 Pzl =
Z; AM; 0={Njm;, 351"
J:

Never need to form empirical or model moments explicitly,

overcoming curse of dimensionality

Function can be calculated using simple calculations,

total work O(m?n + pmn? + m?n3) per iteration and O(mn + pn) storage
Gradients can be calculated as well

Easy stochastic function and gradient if number of samples (p) is large, as before
Issue: Inherent scaling problem
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Non-unigueness problem @

MathSci.ai

X ~ 05 N(IJJ]_, 21) _|_ 05 N(,JQ, 22)

Y ~0.25 N((%)l/gﬂh (%)2/321> + 0.75 N((%)l/gﬂza (%)2/322)

(X ®3) = E(Y®?)
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Non-unigueness problem @

MathSci.ai

XNZ)\j N(uj,Ej) YNZ)\j’)/;dN(’Yj“j:VJQ'Ej)
j=1

Problem: Moments of order d are the same!

FIX: Append a constant ¢ to the end of every observation vector,
creating vectors of dimensionn + 1

RESULT: Implicitly, a weighted combination of all the moments from 1 to d.
This means we include all moments up to order d in the optimization.

See forthcoming arXiv posting for full details!!
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Numerical Resulis
anel Conclusions
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State of the Art: Expectation Maximization (EM) @

MathSci.ai

EM is State of the Art

* |nexpensive

* Relatively easy to implement

* Optimizing a different cost function
e Sensitive to initialization

E-siap * Sensitive to overlapping Gaussians

M - step

Update Hypothesis

Update Variables

MoM has theoretical advantages but has

not been used much in practice previously

EM Algorithm in a Nutshell because of its great expense

Make initial guesses for parameters

Repeat until log-likelihood converges:

1. Compute membership weights for
each datapoint

2. Update the component parameters
using the membership weights

See, e.g., Xu and Jordan (1996) for
discussion of its robustness
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Method of Moments can beat EM

Randomly-generated problem with
overlapping Gaussians

* Diagonal covariances
* Dimensionality: n = 100
*  Number of Gaussians: m = 20

* Observations: p = 8000

Compared three methods

* EM: Expectation Maximization
e MM3: Method of Moments, d = 3
e MM4: Method of Moments, d = 4

10 runs each with different initial
guesses

1/31/2022

7.05

logpdf

6.9

6.85
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0.3
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one-norm err
©
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Method of Moments can beat EM @F@

MathSci.ai
Same setup as previous slide except higher noise
Randomly-generated problem with _ _ _ _
. . 15 «10° EM Obj. 0.581 MM3 Obj. 0.761 MM4 Obj. 20 Runtime
overlapping Gaussians iR ' 8 | -
. ) 1.48 _-0.5815 :21 a_-0.762
* Diagonal covariances % ) = S 1
. ' . = 1.46 % = 0582 S -0.763 9 8
* Dimensionality: n = 100 S = = =10
S 1.44 - 2 05825 S 0764 £ 8
° i . — "e.'z‘ ) < =1
Number of Gaussians: m = 20 140 % o sa3 o o X 0765 s 5
* Observations: p = 8000 14 8{5 . ol ——— o7ssl—— % . —
SR S S S
Compared three methods N N N v
04 A error ~ 1 error 0.2 diag(X) error ] 1 cosine
« EM: Expectation Maximization ' 04 : . n
O = = Y
e MM3: Method of Moments, d = 3 £ 03 303 8 015 s o e 8
g @ e @ = c 0.95 e S
o fus (%]
e MM4: Method of Moments, d = 4 502 8 o 202 &9 2 o1 S
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Key Differences in Our me « Many theoretical advantages to method of moments and
* Novel tensor formulation connections to tensors

of Gau33|‘an mom(?nts * Hsu and Kakade (2013) — diagonal covariance, d < 3
* No spherical or axis- . . :
* Ge, Huang, Kakade (2015) - vectorized covariances, loses symmetries

aligned covariance o . _ .
assumptions . Bakshl, Dla.konlkolas, Jia, Kane, thharl, and Vempala (2020) - robust
learning using tensor decomposition

* Computationally Khouga, Mattei, Mourrian (2021) - GMM identifiabili
efficient, no exponential ouga, Mattei, Mourrian ( ) — identifiability

dependence ond  Computational approaches (limited handling of covariances)
* Anandkumar, Ge, Hsu, Kakade (2014) and Anandkumar, Ge, Hsu,

Kakade, Telegarsky (2014) — orthogonal symmetric tensor
decomposition

* Sherman & K., 2020 - (general) symmetric tensor decomposition,
emphasis of implicit computation to avoid curse of dimensionality

* Inner products of moment tensors
* Muandet, Fukumizu, Dinuzzo, Scholkopf (2012) — up to 3rd order
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Take-aways and Future Work

* Ourfocus: Method of moments for Gaussian mixture models (GMMS)

7 3.3 P . il

o

* Key results
e Formulation of GMM moment in terms of tensor outer

products
m |d/2]
d\ 2k!
d d—2k k
MO =3 3 (%) oy sym (P2 @ 90)
j=1 k=0

» Efficient computation and storage, avoiding exponential dependence on moment order

. Npovel approach to scaling ambiguity using augmentation
* Amenable to stochastic formulations

* Plus...dot product of moment tensors in terms of Bell polynomials, avoiding
exponential dependence on moment order

* Plus...modifying empirical moment tensor to “remove” Gaussian noise

* Future work
* Implementation details, especially for general Gaussians
* Analysis of optimization landscape and comparison to that of max likelihood
* Bounding number of samples required for accurate estimation
* Application studies
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See forthcoming arXiv
posting for full details!!
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